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Preface 

Estimates of the numbers of coim in circulation have been 
published annually by the Roya) Mint for many yean, Early 
methods of making the cakulu1om were based on Sununioa 
the numbers of coins issued. less those su~ucntly withdrawn_ 
with a sui tablc correction for wastage. Estimates of the wastaee 
rate were obtained by inference. one method being to compare 
the numbers of coins of different ages found in a sample. 

In 1962. the Central Statistical Office was asked for advice 
and help in setting up and analysing a pilot survey of the above 
"intagc type in order to estimate the number of halfpcnn.ies 
which were in circulation. The survey was extended in the fol-
lowing year, and again in 1967, so as to include the coins of 
other denominations. In co-operation with the Royal Mint and 
1hcir advisers on certain aspects of decimalization, the CSO 
took part in a fu rther survey in 1968. The earlier findings were 
broadly confinncd but there were some interesting diffcrcnocs 
which arc dcscri bed in the report . 

The numbers of coins in circulation 
in the United Kingdom 

With t.he approach of.the changeover to decimal coinage in 
1971. It has become mcreasingly important to )mow how 
~any coins o f each denominati on are currently in circula-
tion th roughout the country. This information is needed 
for planning the productio n of the requ isite number of 
decimal replacements . 

Early methods employed by the Royal Mint for calculat-
ing the number of coins in circulation we re based on 
summing the numbers issued less those subsequently 
withdrawn, as determined from the records. But it was 
known that considerable quantities of coins get lost or 
destroyed every year and that others find their way abroad 
or into permanent collections, and so it was necessary to 
modify the results to allow for wastage. 

Estimates of the wastage rate were made by inference, 
one method- the 'vintage method'-being to compare 
the numbers of coins of different ages found in the sample. 
For instance, as a result of an examination or a charitable 
collection in the streets of the City of London and Stepney 
in May 1940, a figure was obtained for the proportion of 
' bun' pennies (those of 1860-1 894 design) in a sample of 
12,000. By making certain assumptions, it was then possible 
to deduce that a constant annual wastage rate of 0·8 per cent 
would have reduced the 'bun' pennies to the proportion 
observed in the sample. The wastage process itself is 
apparently a basic effect : for instance, it has been estimated 
that since the departu re of the Roman legions from Rich-
borough Camp, there have been found 140,000 coins 
which were lost, partly by hoarding and partly by casualty, 
du ring the occupation of the area. (Ref. 1.) 

In 1955, P. G. G ray of the Government Social Survey 
carried out an analysis or 20,000 pennies which had been 
returned to the Royal Mint as surplus to requirements by 
banks in different parts or the country. A comparison of 
the age distributions of the pennies showed relatively 
little difference between the bags returned from different 
areas, so the pattern of the numbers of pennies of the 
va rious vintages in the sample was fitted to the information 
on issues and withd rawals, using a minimum chi-squared 
criterion, and once again it was deduced that the results were 
consistent with a wastage rate for pennies or 0·8 per cent 
per annum. 

In I 962, the Central Statistical Office was asked for 
advice and help in setting up and analysing a pilot survey 
of the above vintage type in order to estimate how many 
halfpen nies were in circulation. This su rvey was extended in 
the fo llowing year to incl ude pennies, threepenny pieces 
and sixpences. A further survey in I 967, which covered ~ I 
coins from the halfpenny to the half-crown, was doubled m 

size and repeated in 1968. This paper is mainly concerned 
in describing the contribution to the above work whicb was 
made by the CSO. (See footnote.) 

In 1968, John Hoskyns & Co. Ltd.. a firm of operational 
research consultants which had been engaged to advise the 
Royal Mint on certain aspects of decimalization, carried 
out a different type of survey in which an attempt was 
made to estimate the numbe~ of coins by making actual 
counts of samples found in various locations. It then 
became possible to compare the results or the inference 
methods with those obtained in a more direct manner 
but it should be borne in mind when making such a com-
parison that different populati ons are being csti .nated. 
This point is elaborated in the final section of the paper. 

Design of the vintage st1neys 
The primary assumption on which the design of the vintage 
surveys depends is that the average number of coins of 
each denomination per head of the population is constant 
in all areas throughout the country. Although the validity 
of this assumption determines whether the sampling 
procedures are likely to lead to biassed results, the assump-
tion itself has not been checked and it remains as a possible 
source of error. 

lo the 1963 survey, coins received from the public were 
sampled at 40 banks in Great Britain: in later surveys, the 
coverage was extended to the United Kingdom by the 
inclusion of Northern Ireland. For the reasons given 
above, the number of banks in each region or the country 
and the proportions in urban and rural areas were worked 
out on the basis of population. 

At each bank it was required that certain minimum 
numbers of coins of each denomination should be taken 
from typical bags, preferably of mixed coin, recently 
received from customers in the normal course of business. 
These minimum numbers are shown in Table I below : 
they were partly chosen with the intention of maintaining 
the same order or accuracy in the results fo r the various 
denominations. Instructions were given to the effect that 
if a new bag bad to be opened to reach the required minimum 
number of coins, then the whole or that bag should be 
included in the sample. This was done in order to guard 
against a possible tendency to select recent coins. The 
dates on all the coins in the sample were then to be recorded 
on forms specially prepared fo r the purpose. 

N ote. Those associa1cd with various stages of the work included 
H. E. Bishop. A. R. Tha1chCT, K. Mansell and R. L. Brown 



TABLE I Minimum numbers of coins to be taken from 
typical bags at each bank 

Denomination 

Halfpenny 
Penny 
Threepence 
Sixpence 
Shilling 
Florin 
Half crown 

Minimum number of coins 

300 
300 
400 
150 
250 
120 
120 

In 1968 the numberofbankswasincreased to 86, and the 
sample fr;me was based on that of the Family Expenditure 
Survey (Ref. 2). This involved taking alternate entries from a 
list of the primary sampling units selected for the FES 
in Great Britain in the first quarter of 1968, plus two more 
units for Northern Ireland. Within each unit, which 
corresponds to a local authority area, the address of one 
bank was obtained by reference to a comprehensive list of 
banks classified by company. 

Methods or analysis 
It is convenient to measure time backwards from July Isl 
in the year or the survey, and to write N, for the number 
of coins of a given denomination issued in year t. If the 
annual wastage rate w were constant, the number of coins 
of vintage I which survive to the time of the survey, subject 
to the assumptions mentioned below, would be : 

N,(1-w)' 
The assumptions which are made for the moment in order 
to maintain the simplicity of the above expression in the 
year of issue and the year of the survey are as follows : 

(a) that the survey itself takes place at mid-year ; 
(b) that the coins issued in the year of the survey are 

ignored; 
(c) that the wastage in the year of issue is equivalent to 

that of a half year. This will be approximately true 
if the issue is made uniformly over the year, and the 
wastage rate is small. 

The proportion of coins of vintage I in the total number 
N surviving would then be: 

N,(1 - w)'/N 
The corresponding proportion as measured from the sample 
is n1/n where n1 is the number of coins of vintage t found 
in the sample, and n is the total sample number. Now if 
the coins in circulation are represented in their correct 
proportions in the sample, we have: 

N, (I - w)'/N = n,/n 
Rearranging and taking logarithms: 

log N,/n, = log N/n - t log (I - w) 

If the assumption of a constant wastage rate were valid 
a plot o_f log N,/n, agai?st time would, apart from samplin~ 
fluctuatmns, be a straight !me whose slope and intercept 
at the ttme of the survey (1 = 0) would enable estimates 
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f wand N respectively. Alternatively, once the 
to be made O has been estimated, the total number of 
w~stage r~te w N could be round by summing the surviving 
coms survtvfmg,h v' intage that is by making use of the fact 
numbers o eac ' 
that : N = T.N, (I - w)' 

In fact, by applying this approach it was found that the 
observations did lie substantially on a straight lme. Exampl~ 

f th plot taken from the 1968 survey, are shown 10 
~- e 1 10' 7. Various methods have been used for deriving 
es1~~~:es from these plots: initially, these methods w~re of a 
graphical nature but later the param':ters were estimated 
by regression and weighted re_gress1on. _The need for 
weighting arose because of _the wide range m th': numbers 
of coins which were issued m various years, but 1t was not 
clear what the weights should be. In the most recent survey 
in 1968 this problem was bypassed by using the maximum 
likeliho~d solution described in Appendix I. In effect the 
wastage rate is estimated by adjustin_g the numbers of sur-
vivors of the various issues so that their average age becomes 
equal to the average age of the sample. 

It has been found that certain practical difficulties are 
common to the application of the various methods of 
analysis. Descriptions of these difficulties are given in the 
paragraphs which follow so as to provide a background 
for the presentation of the main results of the surveys. 

Diffusion 
The first difficulty is of course that of attempting to ensure 
that the sample should be truly representative o.f the 
vintage distribution of coins circulating in the United King-
dom. In order to illustrate the types of error which can 
occur when this problem is over-simplified, the relationship 
derived above has been applied directly to the numbers of 
pennies of individual issues found in a sample of 335 
pennies drawn at a Marble Arch bank in the 1967 suwey. 
In Table 2 below, the first column of alternative estimates 
of the total number of pennies in circulation has been cal-
culated from the simplified relationship N = N,n/n., in 
which the effect of wastage bas been ignored. 

TABLE 2 Simplified estimates of the numbers of pennies i~ 
circulation based on a sample of 335 pennies 
drawn in London in the 1967 survey 

Vintage 
selected as 

basis of 
calculation 

1966 
1965 
1964 
1963 
1962 
1961 

Number of 
pennies n1 

of vintage t 

44 
25 
31 
22 
19 
8 

Estimate of 
all pennies in 
circulation, N 

(millions) 
1,254 
1,609 
1,635 
1,881 
2,510 
2,003 

!he manner in which the alternative estimates either 
build up o~ fall away over th~ final few years is characteristic 
of the re~1onal samples. It mdicates that the newer coins 
are d1ffusm_g away from an area of concentration by a 
process which ~pparently takes several years to establish 
a reasonable mtx throughout the country. The estimates 
based on the older ~ssues contain a smaller diffusion error 
but they show. considerable fluctuations due to the inade-
quate sampl~ stze m th1~ case, and they are clearly biassed 
by the om1ss10n of an adiustment for wastage. 

Withdrawals 

In practice, certain complications arise as a result of the 
use of different types of metal for the manufacture of 
coins of a given denomination. Thus, the sixpences, shillings, 
florins and halfcrowns issued from 1920 to 1946 were 
made of silver of 500 fineness whilst those issued from 1947 
onwards have been made of cupro-nickel. The Mint has 
been progressively withdrawing the earlier coins made from 
500 standard silver but records showing the denomina-
tional breakdown of the withdrawals, as opposed to their 
total value, have not always been kept. There is also no 
information on the vintage distributions of the coins which 
have been withdrawn. 

As a result of withdrawals, the present logarithmic plots 
of the ratio N,/n, for all the coins except the halfpennies 
and threepenny pieces have fallen into two sections as 
illustrated in Figures I to 7. Under these conditions, the 
measurement of the intercept at time zero still leads to a 
simple estimate of the total number of coins because the 
relationships remain valid for the later issues. But this 
method broke down when applied to the analysis of the 
pennies in the 1963 survey. Owing to a surplus of pennies 
in 1949, no further issues had been made until 1961, and 
pennies were withdrawn in the interim period. At the time 
of the survey in March 1963, therefore, samples of only 
two complete issues of the later pennies were available, 
and for reasons discussed below these samples were not 
thought to be reliable. It followed that the estimates had 
to be made on the basis of the sample of older coins with a 
suitable allowance for the withdrawals which had taken 
place. 

With the doubled sample and five extra issues available 
in 1968, it was decided that the information on the later 
pennies should be used in the production of the estimate. 
The maximum likelihood solution described in Appendix 
I was therefore extended to cover two different wastage 
rates with an intervening period of withdrawals. This 
method led to some criticism on the grounds that the 
information on the withdrawals was not exact, and that 
too much reliance was being placed on the present value 
of historic data referring to issues in remote years. 

These objections were overcome by abandoning the 
above double-wastage type of approach in favour of a 
maximum likelihood 2-parameter model based on a single 
wastage rate for the later issues plus a raising factor for 
application to the number of older coins actually found 
in the sample, without using any information on issues or 

withdrawals of these coins. This method is described in 
Appendix 2: in effect, it is identical with the method of 
Appendix I except that it provides a justification (and a 
standard error) for the process of applying the raising 
factor to the number of older coins in the sample. 

Recent issues 
A further complication arises in connection with the coins 
issued in the year of the survey itself. It appears that the 
numbers of these coins which are found in the sample 
are less than the numbers which would have been expected 
from a knowledge of the quantities issued by the Mint, and 
various reasons have been put forward to explain why 
this should be so. Thus it might be due to time lags in 
distribution from the particular banks which had drawn 
the coins since the intention was that the bags sampled 
should be those recently received from customers in the 
normal course of business and not those taken from store. 
Alternatively, it could be due to the activities of collectors 
of the permanent or temporary (shiny-coin) type: or it 
might be connected in some way with the pattern or diffusion 
of the newer coins. 

The general lack of confidence in the results of the most 
recent year led to the virtual exclusion of this year from 
the analysis of the 1963 and 1967 surveys. In the case of 
the 1968 survey, it was necessary to exclude the penultimate 
year as well because the issues of other than decimal coins 
had been given the same date in both years in order to 
discourage collectors. The estimates were made up by 
including the numbers of these coins that bad been issued 
by the Mint (less wastage at the going rate) rather than by 
applying a raising factor to the apparent numbers found 
in the sample. 

Results or the 1968 survey 
For the reasons given above, it was necessary to divide the 
coins into three groups. The first group consisted of the 
main issues on which the wastage rate was based, and 
from which a raising factor was computed. In the second 
group, there were the older issues such as those of a different 
metal or for which withdrawals had taken place: for these, 
the estimates were made by applying the raising factor to 
the numbers of coins found in the sample. And finally, the 
issues of the last two years (or three years in the case of 
shillings) were included by making use of the numbers of 
coins issued by the Mint, less wastage at the going rate. 
The dates of the issues in these three groups are given in 
Table 3. The number of silver coins of 925 fineness (dated 
before 1920) was negligible. 

The survey itself took place in mid-October 1968 but, 
where applicable, the results given in Table 4 below have 
been wasted to the end of September so that they refer to 
the situation at the end of the third quarter. Although 
it would have been desirable to take the quotations up to 
the end of the year, this would have involved wasting the 
older coins for three months from the time of the survey, 
and for reasons given later it was not considered that the 



TABLE 3 Grouping of issues in the 1968 survey 

Older Issues Main issues Recent issues 

½d Pre 1902 1901 --66 1967-68 
Id Pre 1950 1961--66 1967--68 
3d 1937--66 1967--68 
6d 1920-46 1947--66 1967-68 

1/- and Sp I 1920-46 1947-65 1966--68 
2/- and IOp 1920-46 1947--66 1967-68 
2/6d 1920-46 1947--66 1967--68 

wastage rates applicable to these coins were known with 
sufficient accuracy. The standard errors shown in Table 
4 have been computed directly by the maximum likelihood 
method described in Appendix 2. They may be taken as 
giving an indication of the magnitude ofa known component 
of the total error which is incurred in the process of estima• 
tion, assuming that the sample itself is completely repre~ 
sentati ve. 

TABLE 4 Estimates of the numbers of coins in circulation 
in the United Kingdom on 30th September /968 

Millions 

: 
Older Main Recent Standard Value 
coim coins coins Total error (£m) 

!d 2 831 139 972 1% 2 
Id 1,084 682 265 2,031 3% 8 
3d - 779 78 857 1% II 
6d 116 1.567 162 1.845 2% 46 
1/- and Sp 103 804 69 976 2% 49 
2/- and IOp 26 499 121 646 2% 65 
2/6d 19 358 30 407 2% 51 

Total 1,350 5,520 864 7.734 1% 232 

Value(£m) 17 189 26 1 232 

Wastage rates 

Main issues. The wastage rates for the ' main issues' of coins 
in the 1968 survey arc given in Table 5. A comparison with 
figures calculated in an identical manner for the 1967 
survey shows certain differences which are large in relation 
to the standard errors in the case of the sixpence and the 
florin. The low wastage rate for shillings in the 1967 survey 
was found to be sensitive to the inclusion of the last issue 
and so no significance was attached to this figure. ' 

The task of deciding whether the differences in the wastage 
rates fo~ the sixpences and the florins represented a true 
change m the situation or not was made difficult by the 
lack of a. series of ~esults, based on regular ann ual surveys, 
from which an estimate could be made of the likely size 
of overall variations occurring between surveys. In the 

absence of this information ~r any oth~r means of confirma-
tion, it was felt that no definite conclusion could be reached. 

TABLE 5 Wastage rates for the 'main' issues of coins 
per cent per annum 

1967 S11rrcy /968 Survey 

Wastage rate Wastage rate 

½d 3·5 3·7 0·05 

Id 2·4 2·2 0 ·7 

3d I ·8 1 ·7 O·I 

6d 1·2 2·1 0·2 

1/- O·I 0·4 0·15 

2/- 0·2 1·2 0·2 

2/6d 0·8 0·9 0·2 

In the case of the pennies, the wastage rate on the block of 
issues from 1961 to 1966 was tentatively confirmed in the 
1968 survey. When vintage methods were used to derive 
wastage rates fo r the issues of the older pennies to which 
the estimates of the earlier surveys referred, it was found 
that these estimates were confirmed by the 1967 sample, 
but that a difference arose in 1968 as shown in Table 6. 
It is not understood why the wastage rates for the main 
issues of pennies, given in Table 5, should apparently be 
higher than the rates for the older issues given in Table 6. 

TABLE 6 Wastage rates for the older issues of pennies 

Date of Method of analysis Wastage rate 
surrey per cent per 

annum 

1940 Proportion of 'bun' pennies 0·8 
1955 Minimum chi-squared 0·8 
1963 Graphical 0·7 
1967 Regression (unweighted) 0·8 

Regression (weighted) 0·7 
Maximum likelihood 0·7 

1968 Maximum likelihood 1·2 

It was at first thought that the change in the design of the 
survey, introduced in 1968, might have been responsible 
fo r some of the differences in Tables 5 and 6. [n basing the 
sample on the Family Expend iture Survey, alterations 
had been made in the regional weighting, and in the pro-
portions of urban and rural areas within individual regions, 
An attempt was therefore made to reweight the surveys 
on to an identical basis using the results for the sixpences 
as a test case since the di screpancy between the wastage 
rates for these coins was part icularly wide. It was found 
that the average age of the ma in issues of sixpences tended 
to be higher in regions wh ich were remote from the London 
area. Jt was also found that the apparent differences in the 
average age of sixpences, classified by the type of local 
authority area in which they had been sampled, could 
almost wholly be explained by the regional variations in 
age alone. But when the reweighting was carried out, the 

average age of sixpences in the country as a h 1 
altered appr~ciably so it was considered tha~t;/0;as not 
discr~pancr m the ":'asta~e r?tes could not be attr~~:: 
to shght differences m we,ghtmg between the two surveys. 

Older co~ns. Except for the comparisons made in Table 6 
above, vintage metho~s were not used to derive wasta e 
r~tes .for the older c?ms because it was thought that t~e 
situ~tion was cornpl_1~ated by the withdrawals and also 
possibly, ~y the act1Y1t1es of collectors. A direct compariso~ 
of the est~mated numbers of the older coins surviving in 
I 967 and m 1968 showed large losses over the year wh · h 
w~re quite out of kee~in~ with the wastage rates curren

1
~y 

bemg used for the mam issues, or those quoted in Table 6 
~lthough some .of the excess wastage may well be rei 
1t was felt that it. wou!d perhaps be unwise to place too 
much c?nfidence m this result until the outstanding dis-
~repanc1~s between the two surveys have been explained 
m a sati sfactory manner, or unti l confirmation can be 
obtained by some other means. 

Counting survey 

At the time of the 1968 survey, John Hoskyns & Co. Ltd. 
was attempting to estimate the total number of coins in 
circulation by the more straightforward method of counting 
samples found in various locations such as banks shops 
people's pockets and handbags, meters, slot machi'nes and 
homes, etc. This counting survey was not undertaken on a 
fully comprehensive scale but nevertheless the results 
were of considerable interest in providing a d irect check 
on the vintage method. In every case the estimates were 
lower than those of the vintage survey : it was found that 
there was relatively good agreement for the higher denom-
inations, but for the lower denominations the gap progres• 
sively increased to as much as 60 per cent (of the vintage 
estimate) in the case of halfpennies. Overall, the gap 
amounted to one-third, so that in terms of value it was 
reasonable to suppose that the pattern of the location of 
roughly four•fifihs of the coinage had been established. 

A satisfactory explanation of the reason for the gap 
has not been found: it was suggested that it might be due, 
at least in part, to the existence of certain forms of storage 
in which coins could not be classified as being in active 
circulation nor yet as being wasted. 

Effects of storage 

The task of making comparisons between the vi ntage and 
counting surveys was aggravated by a lack of understanding 
of the true interpretation of the vintage estimates. To assist 
in determining what is in fact meant by the calculations, it is 
useful to examine the natu ral fl.ow of coins on a birth-
death basis. The symbolic diagram in Figure 8 shows the 
source of the coins and the sort of way in which they 
circulate. During this process of circulation, the coins 
suffer percentage losses each year, which have been shown 
to be constant for a given type of coin. 

. The manner in which the coins may fall out of circula• 
t1on is indicated in Figure 9. If it is assumed that all the 
sinks in Figure 9 are permanent and that these arc the only 
s!nks, it would follow that the wastage rate as measured 
simply represented the flow of coins into these sinks. Under 
these conditions, the estimates of the numbers of coins 
left in circulation would be substantially correct in the 
sense that they would be subject only to the sampling 
erro rs of the survey. 

However, the locations shown in Figure 8 represent 
reservoirs in which coins can temporarily accumulate, 
and the concept of accumulation can also be extended 
to cover longer-term storage such as hoarding. which 
might be represented by a non-permanent sink in Figure 9. 
It seems that the vintage distribution of coins in the 
temporary stores may tend to differ little from that of the 
general circulation, and so it is considered that the presence 
of this type of store might not have much effect on the 
estimates given by the vintage method. 

On the other band, longer•term storage could theoretically 
lead to an error in the estimates because the vintage distri-
bution of coins in this type of store might be different from 
that of the general circulation, and particularly so, of 
course, if the operation of the store were at all selective. 
Thus, for instance, the absence of predominantly older 
coins in sufficient numbers at the time a survey took place 
could lead to an over-estimate of the wastage rate. The 
usual process of calculating the total numbers of coins 
(in storage and in circulation) from information on the 
numbers issued by the Mint would then result in an under• 
estimate of the true total for the reason that some coins 
had been falsely classified as wasted. 

An interesting point also arises in connection with the 
activities of collectors. It seems that some banks have on 
occasions supplied some customers with unopened bags 
of newly-minted coins, and it is possible that some of these 
coins may have found their way into permanent collections. 
Although the extent of this type of activity is not known, 
it is particularly relevant because it can affect the results of 
a vintage•type survey. 

Thus, provided (a) that the coins are requested in pro-
portion to the amounts minted; (b) that the activity has 
been going on for the full run of years for which data 
on the type of coin exists; and (c) that none of the coins 
are returned to circulation, there would be no effect on 
the vintage distribution as measured. The application of 
the wastage rate to the minted quantities would then 
produce an estimate of the total number of coins which 
would include those in the unopened bags, but on the 
assumption that these coins were suffering wastage at the 
normal rate. In this case, an over-estimate would be made 
of the number of coins in circulation by including coins 
which were in the hands of permanent collectors. 
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Calculation of wastage rates by the method 
of maximum likelihood 

Subject to certain assumptions in the year of issue and the 
year of the survey, as listed in the main text, the numbers 
of coins of vintage I which survive to the time of the survey 
can be written as : 

where 1 

N,(1 - w) ' 

the average age of the coins in the sample is equal to the 
average age of the survivors of the various issues. Since 
both a and oc are in the form of summations, there is no 
explicit solution for w. A root can conveniently be found 

(I) by iteration, starting from an arbitrary guess of the wastage 
rate and successively applying the correction : represents time measured backwards from the 

year of the survey, 
N, is the number of coins of a given denomination 

which were issued in the year I, 

and w is the wastage rate or proportion lost per annum. 

In the simple case in which no withdrawals have been 
made, the total number of coins of a given denomination 
which survive to the time of the survey is given by: 

t,. w = - (o log L/o w)/(o2 log L/o w2) (8) 
It is found that as the wastage rate w is increased, there is a 
progressive decrease in the average age oc of the coins 
surviving to the time of the survey so that at most there 
can only be one root to the equation oc = a in the interval 
O<w< I. This fact can be verified by examining the rela-
tionships between oc and w given by : 

doc/dw = - (~ - oc2)/(l - w) (9) 
N = "f.N, (1 - w)' (2) Since Noc and N~ are respectively first and second moments 

provided any issues in the year 1 = 0 are excluded. 

It is next assumed that the sample is representative in 
the sense that the probability p, of drawing a coin of 
vintage I is equal to the proportion of these coins in the 
total number of the denomination which survive, that is : 

p, = N, (I - w)'/N (3) 

If n, coi_ns ~f vintage I are found in a sample of n coins, 
the total hkehhood of the sample would be given by: 

L = Il (p,)"' (4) 
Taking logarithms, this becomes: 
log L = "f. n, log N, + log (I - w) "f. tn, - n log N (5) 
On differentiating partially by the wastage rate w, and 
making the substitutions : 

a= "f. tn,/n 
oc = "f. tN,(1 - w)'/N 

= "f. t'N.(1 - w)'/N 

about the time origin, it follows that N(~ - oc2) represents 
the second moment about the mean and it must therefore 
be positive. The value of doc/dw is consequently negative 
throughout the interval O < w <I, and more than one root 
cannot occur. 

Standard errors of the estimates 
' It can be shown as in Ref. 3 that the variance of the estimate 

w is given asymptotically by : 

Var w = - 1/(o2 Jog L/o w2) (10) 
where (o2 Jog L/o w2) is evaluated at w = w. The correspond-
ing standard error is then {I - w)/(n(~ - oc2))1. , 

. Furthermore, since N is a function of w as given in (2), 
11 IS poss,ble to carry out the differentiation of log L with 
respect to N rather than w, making use of the relationship: 

dN/dw = - Noc/(1 - w) f lli) 
we find : 

and 
o log L/o w = (oc - a)n/(1 - w) 

It then follows that the maximum likelihood estimate of 
(6) the total number of coins of the given denomination is 

given by : 
a2 log L/o w2 = (1/(1 - w)) o log L/o w - (~ - oc2)n/( l - w)2 

Th I
. . (7) 

e 1keh_hood is maximu_m at the value of the wastage 
~ate ~or wh_,ch o log L/o w IS zero: this value is written as 
w. it IS attamed when a and oc are equal, which implies that 

6 

N= r.N,(1 - w)' 
Var iv= (dN/dw)2 Var w 

The corresponding coefficient of variation of N 
oc/(n(~ - oc2))1. 

Appendix II 
' 

Method of dealing with withdrawals 

Coin~ which_ are no longer required in circulation are pro-
gressively withdrawn by the Royal Mint. The coins con-
cerned c~me either from a block of issues, or alternatively 
from al11Ssues_ before a certam date. The subscripts 1 and, 
a_re therefore mt~od~ced to denote coins belonging respec-
tively to the mam JSsues m circulation, and to all older 
issues which are subject to withdrawal. 

In addition t_o the probability p,1 of drawing a coin from 
one of the mam issues dealt with in Appendix I, there is 
now also a probability p,, of drawing a coin from any 
older issue. Thus: 

p,1 = N, (I - w)'/(N, + N,) (14) 
and p,, = N,/(N, + NJ (15) 
where N, and N, are the total numbers of the 
main and older coins still surviving. 

Writing N for the total number of all coins of the given 
denomination which survive, we have : 

1 
N1 = "f. N, {I - w)' 
N =N,+N, 

(16) 
(17) 

Proceeding as before but with the sample now divided 
into two parts n1 and n, such that n1 + n, = n, we obtain: 

L = Il (p,)"' 
1 

= (N,/N)"• Il (N,(l - w)'/N)"' (18) 
and 1 1 
log L = n, log N, + "f.n, log N, + log (1 - w) "f.tn, -

n Jog N (19) 

In this case, besides the wastage rate w which is unknown 
as before, there is also the unknown quantity N, representing 
the number of older coins surviving withdrawal. Differ-
entiating partially with respect to both unknowns, we have: 
o log L/o w = (n1/(l - w))(oc1(n/n,)(N1/N)-a,) (20) 
o log L/o N, = n,/N, - n/N 
o• log L/o w' = (1/(1 - w)) o log L/o w -

(n/(1 - w)') (NJN) (~1 - (NJ N)oc1
1} 

o• log L/o w o N, = - nN1ocJ(N'(I - w)) 
o• log L/o N\ = - n,/N; + n/N' 

The likelihood of the sample is now maximum when two 
conditions are satisfied, that is when: 

oc1 (n/n,) (NJN) = a, (21) 
and n2/N2 = n/N (22) 
Taken together, these two conditions imply that oc, equals 
ai, i.e. that the maximum likelihood estimate of the wastage 
rate for the main coins is found by equating the average 
age of the sample of main coins to the average age of the 

survivors of the main issues, and this important result 
holds independently of the numbers of older coins in tbe 
sample. In fact, the most recent issues could also be omitted 
from the calculation if this was found to be desirable for 
other reasons. 

Once the maximum likelihood estimate of the wastage 
rate of the main coins bas been determined, the total number 
of these coins N1 can be found from (16). It then follows 
from (17) and (22) that the maximum likelihood estimate 
of the number of older coins N, is determined by applying 
a raising factor to the number of these coins found in 
the sample, that is: 

N, = n,(N,/n,) (23) 

Standard errors of the estimates 

In general, the maximum likelihood estimates w and N2 
will be correlated. It can be shown as in Ref. 3 that the co-
variance matrix of wand N, can be evaluated asymptotically 
by the following inversion: 

[
Var w Covar wN,] 
Covar w,N Var N, = 

(24) 

[
- a• log L/o w' - a• Jog L/o w oN,]-' 
- a• Jog L/o w a N, - as log L/o 

This leads to a standard error of (I - w)/{n1(~1 - ocD)I 
for w, and to a coefficient of variation of oc1/(n1(~1 - oc;))I 
for N,. Except for tbe subscripts, these expressions are 
identical with those derived in Appendix I : it is deduced 
therefore that the main coins can be dealt with entirely 
in isolation from the rest of the sample. 

For the older coins, the -coefficient of variation of iv, 
is given asymptotically by : 

[1/n1 + 1/n, + oc!/(n1{~1 - «t))] (25) 

Lastly, the numbers of the main and older coins will 
usually be added together to' give an estimate of the total N 
in (17). With the knowledge that N1 is a function of w, it 
is possible to treat N1 and N, as the unknowns, rather 
than w and N2 as was done above. It then follows that the 
variance of the maximum likelihood estimate of the total 
N is given by: 
Var iv = Var (iv, +iv,> 

= (dN1/dw)' Var w + 2(dN1/dw) Covar wiv, + 
Var N, (26) 

This leads to the following expression for the ·coefficient 
of variation of N: l ' 

[l/n1 - 1/n + ~/(n1{~1 - oc~)]I (27) 
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Note on interpretation of the information on older coins given in Figs. I to 7 
In Figs. I to 7, there is a clear distinction between the main issues and the older coins which have been subject to 

withdrawals. The information on the older coins is only given here in order to illustrate the general characteristics of the 
data: a knowledge of the age distribution of these coins was not used in deriving the estimates given in the report. 

The sample of coins from the earlier years was generally low, in some cases very low, and this together with other factors 
contributed to the scatter in the points relating to these years. 
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