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Preface

In 1968 it was found that the method of seasonal adjustment 
then being used for the unemployment series was over
adjusting so that the series appeared to be rising or falling 
when in fact the underlying trend was substantially flat. 
Since it is often easier to interpret the movement of economic 
indicators when they have been seasonally adjusted, the 
Research and Special Studies Division of the Central 
Statistical Office was invited by the Department of Employ
ment to investigate what had happened.

The unemployment series has both a constant and a 
trend dependent seasonal component and a regression 
method was used to estimate a mixture of additive and 
multiplicative monthly seasonal factors. The detailed 
investigation covered the problems of estimating the trend 
and the significant seasonal factors, together with modifica
tion of extreme values such as occurred for example in the 
hard winter of 1963. The research showed that it was 
possible to make estimates of the seasonality in recent years 
because although the size of the seasonal movement had 
fallen (leading to the overadjustment mentioned above) 
the relationship between individual months was largely 
unchanged during the historical period examined.

The method developed in this work was adopted officially 
in April 1970 and has since been applied to component 
series differentiated by sex, by industry and by region. It has 
also been used for the national series for vacancies and it 
may prove to have wider applications.
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1. Introduction

1.1 Reason for undertaking the research
The interpretation of the movement of economic time-series 
is often helped if the series is adjusted so as to eliminate the 
seasonal variation. This gives a seasonally adjusted series 
consisting of the trend (sometimes called the trend-cycle) 
and an irregular component. The latter has two parts:
(i) chance or random variations arising from numerous 
causes that are not individually identifiable, (ii) extreme 
movements usually having identifiable causes, e.g. severe 
winter weather or strikes, and usually distinguishable from 
the smaller random movements. Thus the estimation of the 
seasonal variation requires the estimation of the trend and 
the identification and modification of extreme values. 
Because of the random component it is usual to estimate an 
average seasonal variation over a number of years and to 
use this average estimator for adjusting current observations.

It sometimes happens that current seasonality differs 
markedly from the average estimated seasonal variation 
based on past experience. This has occurred in recent years 
with the series for wholly unemployed (excluding school 
leavers), where the average seasonality based on experience 
up to 1965 has resulted in over-adjustment of the series 
since 1966. This is evident from Figure 1, which shows the 
original unadjusted and the seasonally adjusted series. The 
research reported in this paper was undertaken to find out 
what had happened and to devise a new method for seasonal 
adjustment. A brief description of the new method has 
already been published (Brown, Cowley, Durbin, 1970)*. 
This paper gives a more complete account. The new method 
was adopted officially in April 1970 {Employment and 
Productivity Gazette, 1970).

The previous method used by the Department of Employ
ment (called here the 1965-70 method) was introduced in 
1965 {Ministry o f  Labour Gazette, 1965) since an earlier 
method {Ministry o f  Labour Gazette, 1960) was not proving 
satisfactory. These two methods are described in the 
remainder of this section.

Most of the work discussed in later sections was done 
with the series for wholly unemployed (excluding school 
leavers), which for simplicity we shall call the total series. 
Some results are given for the national series for males and 
females separately.

1.2 The 1965-70 method
Prior to 1965 a simple additive method was used by the 
Ministry of Labour (now the Department of Employment).

•  Detailed references are given a t the end of the paper.

The method may be regarded as derived from the following 
model:

2ij arbey l

J
1, 2..., n \
1, 2..., 1 2 /

. . .(1)

where lij is the trend and cnj are the monthly seasonal 
factors constrained to sum to zero, ey are the irregular or 
error components. However this simple model did not 
give satisfactory adjustments and another model was intro
duced officially in September 1965 {Ministry o f  Labour 
Gazette, 1965). This was based on the regression model

Zij . . . (2)

where py are multiplicative seasonal factors and ay are, as 
before, additive factors. The factors were constrained by:

. . . ( 3 )
1 I

so that, at a constant trend level, the annual totals of the 
original and adjusted series are approximately equal. In 
formulating the regression model a constant corresponding 
to the general mean has been excluded. This is because 
the sum of the series at constant trend level and the sum 
of the trends are equal if the series is infinite in length and 
are nearly equal for a finite series. The seasonally adjusted 
series zy was calculated from

2ij— aj
l + b j

. . . ( 4 )

where aj, bj are estimates of ay, Py subject to the constraints 
(3). The trend was estimated by a 12-month centred moving 
average of zy. Observations over the 16 years from June 
1949 to May 1965 were used. Since the trend was not calcu
lated for the first and last 6 months of the record, the 
regression was fitted to deviations from trend for the 15 
years from December 1949 to November 1964. We shall call 
the period over which regressions are fitted the regression 
base.

If the series has an additive seasonality, the py*s are all 
zero. For a multiplicative seasonality the ay’s are all zero. 
The advantage of the regression model is that it enables one 
to deal with the intermediate case in which both additive 
and multiplicative effects are present.

Seasonal factors for males, females and the total series 
are given in Table 1. This table suggests that the seasonality 
of the series for females is more additive than that for males. 
To make this more precise, it is desirable to relate the 
seasonal factors to the trend levels characteristic of each
senes.
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The fitted regression may be written

Zv—Xu =  cij-^bjXij-^rij ■••(5) A: =  1,2
^m ax I positive St , j \  +m ax| negative 5*,;| \

where JCy is the trend estimated by a centred 12-month 
moving average of the 2y*s, aj and bj are the estimated 
seasonal factors, and the ry’s are the residuals from the 
regression. Then the amount of the seasonal adjustment is

For the purpose of exhibiting the dependence of the 
amplitude on trend we shall use the ratio

M 1

.X1~X\ Az-\-Ai ...(9)

ztj—Zij =  Zfj—Xij ru
\+bj

{aj-\-bjXii) +
bjrt)

...(6)

We shall call {a]-\'bjXii) the seasonal variation. Since 
bj ru is generally small, the seasonal variation approximately 
equals the seasonal adjustment and it may therefore be used 
to exhibit the effects of the seasonal adjustment procedure.

If is a low and xz a high trend level, put

=  aj-\-bjXi \  
Sz,j =  aj-\-bjXz J

We now define the amplitude of the seasonal variation as 
half the distance from the peak to the trough, i.e.

If the peaks and troughs of 5i, ^2 occur in the same months, 
M  is unity for a multiplicative model and zero for an 
additive model. Thus we call M  the degree of multiplicativity. 
M  summarises the information about the nature of the 
seasonality of the series when fitted by model 5.

The values of Xiy Xz, Sz,jyAu Az and M  for the three 
series of Table 1 are given in Table 2. It is not easy to 
estimate the standard error of M, but it is high and the 
values are reported only to one decimal place. The table 
shows that the series for males is multiplicative or nearly so, 
whereas that for females is additive or nearly so. This is in 
line with the finding that the multiplicativity of the total 
series is 0-8. The series for the six broad industry groups 
also have a range of multiplicativities from nearly additive 
to nearly multiplicative. Thus, the regression model appears 
to be well suited for seasonally adjusting unemployment 
series.

Figure 1 Wholly unemployed (excluding school-leavers)
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1.3 Aims of the research
It was felt early in 1968 that the 1965-70 method might not 
be giving satisfactory results and it was decided to initiate 
an investigation of the recent behaviour of the series. The 
situation at that time can be seen by blanking off the 
observations since mid-1968 in Figure 1. A preliminary 
examination of the problem convinced us that the regression 
model (2) provided an appropriate basis for studying the 
seasonal behaviour of the series. The remainder of our work 
therefore assumed the basic validity of this model.

In order to find out what had happened it was necessary 
to undertake a considerable amount of research and 
development concerned inter alia with (i) modification of 
extreme values, such as occurred for example in the hard 
winter of 1963, (ii) choice of base period over which the 
seasonal variation is estimated, so as to take account of 
changing seasonality, (iii) improvements in methods of 
estimating the seasonal factors and the underlying trend, 
and (iv) writing of a computer program for carrying out the 
calculations.

This work led to the adoption of the new method of 
seasonal adjustment in April 1970. Not all stages of the work 
that led to the various features of the new method will be 
described in this paper. We shall confine ourselves on the 
whole only to those parts of the work directly related to the 
final form of the method.

fit

•

The first question discussed is the estimation of trend. 
This is dealt with in Section 2 where the two procedures used 
in this paper are described and the effect of replacing the 
trend Ku in (2) by a moving average is discussed. The third 
section is concerned with the fitting of the regression; it de
scribes the use of a Fourier transformation so that instead of 
estimating seasonal constants for each month separately 
the seasonality is considered in terms of an annual, a six 
month, etc. cycle. This transformation makes the use of 
stepwise fitting for the regression possible so that only those 
cycles that are significantly non-zero are estimated. Section 4 
discusses the effect of extreme values on regression estimates 
and describes the two-stage method of modifying such values. 
It is shown in Section 5 that the unsatisfactory results of the 
1965-70 method in recent years are largely due to a major 
change in seasonal amplitude during 1967. A method of 
prior amplitude scaling by which this change can be taken 
account of is introduced together with a system of local 
amplitude scaling factors for monitoring the behaviour of 
the series and correcting for small changes in amplitude. 
Section 6 combines the various pieces of development work 
discussed in the preceding sections into the new seasonal 
adjustment method. For clarity a large part o f this section is 
written in tabular form with a close correspondence to the 
steps of the computer program. Some aspects of the use of 
the method with particular reference to future behaviour 
of the series are discussed in Section 7, the final section.
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Table 1

Seasonal factors for the unemployment series for males, 
females and total: the 1965-70 method (i)

more digits are used to find zij

(1) The series considered are:
(i) Males registered as wholly unemployed (excluding school leavers)
(ii) Females registered as wholly unemployed (excluding school leavers)
(iii) Total registered as wholly unemployed (excluding school leavers)
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Table 2 Seasonal yariations using the 1965*70 method

Trend level thousands

Seasonal variation thousands

January

February

March

April

May

June

August

September

October

November

December

Amplitudes thousands

Degree of multiplicativity, M

-̂1

Series

0-0

Males Females T o til

225 450 45 90 250 500

! ^3 75 15 13 48 74

43 90 15 14 45 89

27 62 9 11 28 60

10 19 4 5 12 22

-  9 - 1 8 -  7 -  1 -  7 - 1 2

- 2 9 - 5 6 - 1 4 - 1 2 - 3 4 - 5 8

- 3 6 - 6 7 - 1 8 - 1 9 - 4 7 - 7 4

- 2 8 - 5 3 - 1 4 - 1 6 - 3 8 -6 1

- 2 5 - 4 9 -  6 -  8 - 2 6 - 5 3

-  9 - 2 2 3 2 -  3 - 1 7

4 5 6 7 11 12

10 15 6 4 12 17

1  40 78 17 16 47 82

0-8
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2. Trend estimation

2.1 Moving averages and frequency response functions
The trend 5(/ in (2) is not itself observed and must therefore 
be estimated from the data. We decided to use a moving 
average estimator for this purpose as is almost invariably 
done in the seasonal adjustment of economic time series. 
It is convenient to discuss the properties of the trend 
estimator in terms of its effects at (i) the seasonal frequen
cies, which have periods of 1, J, J, and J years corres
ponding respectively to frequencies of 30,60,90,120,150 and 
180 degrees, and (ii) the lower frequencies, particularly those 
near 6 to 7-5 degrees which characterise the underlying 
cycle, and those nearer zero degrees which may be regarded 
for the present purpose as characterising the long term trend. 
We shall use the terms filter and moving average estimator 
indifferently. The purpose of the trend estimator is to pass 
as much as possible of the low frequencies and to filter out 
as much as possible of the remaining frequencies, particu

larly the seasonal frequencies. If the filter is chosen so that 
it reproduces exactly or approximately a local polynomial of 
cubic or higher order in time, then frequencies lower than 
the annual will be passed almost unchanged. Unfortunately, 
however, although such a filter does not normally pass the 
six month and higher frequencies it does pass some of the 
annual seasonal frequency, a point of particular importance 
with unemployment series for which seasonality is dominated 
by the 12-month cycle. On the other hand, the centred 
12-month moving average, which does not pass any of the 
six seasonal frequencies, only reproduces a linear trend 
exactly and therefore gives a trend estimate that is biased at 
the peaks and troughs of the series.

Figure 2
Frequency response functions of moving averages

Frequency
response
function

The effectiveness of a filter in meeting these conflicting 
requirements depends on the number of observations used. 
Since a symmetrical filter through an odd number (2w +  l) 
of points gives a trend estimate at its mid-point for which the

phase at any frequency is unchanged, it is 
desirable to use such filters. Then the filter 
provides a trend estimate short of the ends 
of the series by m months. Although trend 
can be estimated for these m months, this 
requires either a notional continuation of 
the series or the use of asymmetric filters. 
Both these methods introduce amplitude 
and phase changes in the low and seasonal 
frequencies and we felt that these were 
undesirable features. We therefore confined 
our attention to symmetrical filters.

We chose for our work two short filters 
both through 13 points. Besides the centred 
12-month moving average we have used a 
filter developed by Burman (1965) which 
reproduces locally a cubic polynomial in 
time and removes most of the six monthly 
and higher seasonal frequencies.

The properties of these two filters can 
be expressed simply in terms of their 
frequency response functions T, which 
show the effect of the filter on particular 
frequencies «)/ of the series being filtered. 
T  is calculated as follows.

Suppose the moving average has weights 
Wp (p =  —m, —w+1, . . ,  w), then the 
frequency response function for the fre
quency tp in the series being filtered is 
given by.Angular 

frequency
(Degrees) m
Period

(Months)
Wo+2 S Wp cos pit

P^l
4  4

ds

500

400

100

200

1357

The weights fo
I
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Figure 3 Improved trend estimation

Thousands

The weights for the 12-month centred filter are
1

(1, 2, 2, 2, 2, 2, 2)

and for the Burman 13-point filter are
(-0-0331, -0*0208, 0*0152, 0-0755, 0*1462, 0*2039, 
0*2262)

The frequency response functions are plotted in Figure 2. 
The centred 12-month moving average gives T(4') equal 
to zero at the seasonal frequencies and about 0-9 at a 
frequency of 7°, corresponding to a period of 4*3 years, 
which is close to the period of the underlying cycle in the 
series. This means that 0*1 of the underlying cycle is 
removed as well as the seasonal frequencies. This is due to 
the fact that the 12-month centred moving average does not 
penetrate into the peaks and troughs of the series.

With the Burman filter, is almost equal to unity at 
7°, but this improvement is at the expense of the annual 
seasonal cycle (30°) at which T’(i^) is now 0*81. Thus the 
Burman filter passes about four-fifths of the annual cycle 
as well as the trend. This filter was designed to be comparable 
to the Spencer 15-point moving average.

With an additive model, the amplitude at seasonal 
frequencies can be restored by dividing the Fourier trans
form of the deviations from trend by (1—7^, but with the 
regression model there is no obvious way of making this 
restoration.

2.2 Two-stage method of estimating trend
The usual way of overcoming the deficiencies of filters is to 
adopt a two-stage method of estimating the trend. Pre
liminary seasonal factors are estimated using a centred 
12-month moving average and ^  preliminary seasonal 
adjustment is made. The adjusted series is then filtered, 
using the Burman 13-point filter to give an improved trend 
estimate: when residual seasonality in the preliminary 
adjusted series is small, the fact that the Burman filter 
passes 81 per cent of the residual annual cycle is not 
important. The seasonal factors are then recalculated using 
this improved trend estimate. The improvement in the trend 
estimation is shown in Figure 3, which shows how the 
two-stage procedure gives a trend estimate higher at the 
peaks of the series in 1958-59 and 1963 and lower at the 
trough of the series in 1961.
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This method has been adopted in the present 
work, notwithstanding its deficiency when season
ality is changing. For in such a case the preliminary 
estimate will give an average seasonality over the 
regression base. It follows that the preliminary 
seasonally adjusted series will contain the difference 
between the actual seasonality in each year and the 
average over the regression base and 81 per cent of 
the annual part of the difference is passed by the 
Burman filter into the trend estimate. Thus the 
deviation from this trend estimate will be close to 
the average seasonality found in the first stage and 
the final seasonal factors will be no more than 
improved estimates of this average seasonality. 
That seasonality did change over the period 1957-66 
is evident in Figure 3. Although the first stage trend 
estimate will be biased in the troughs in 1957 and 
1965, just as it is in 1961, the second stage estimate 
has a seasonal movement relative to the first 
estimate in 1957 and this is, as expected, of opposite 
sign to the seasonal movement evident in 1965.

There are two main ways round this difficulty. 
One is to use a shorter base in the first stage than 
in the second, so that the shorter base responds 
more quickly to the changes in the seasonal 
variation; the consequent increased error of estima
tion is reduced in the second stage of estimation. 
The other is to amend the model so that account is 
taken of changing seasonality in the estimation 
procedure. As will be seen later, other considerations 
led to the adoption of the second method.

Figure 4

Cumulalivc 
frequencies 

999-9 t-

Approximate normality of residuals
Regression base 1957-66

998  -

980

900

800

600

400

200

100

50

10.r

X X

XXX

X

Base
position

2.3 Effect of trend estimation on the fitting of the 
regression model

Let the trend at time t =  12(z—Ij-j-y be denoted 
indifferently by 5/y or and let the corresponding 
estimate be denoted similarly by Xij or Xi. We 
must now consider the implications for the fitting of the 
regression model of the replacement of îj by xij in (2). 
In order to simplify the discussion we shall consider the first 
order of approximation only. Let us take the first stage of 
fitting based on the centred 12-month estimate,

1
- H O  - 7 0 -3 0

X t
1 5

^  (z/-6+22z/+pH-Z/+6)
p = - 5

• «

The regression model (2) may be written in the form
Zt — ay+ (l +p!/) 5/4-2/ . . .  ( 12)

To the first order of approximation let us suppose that the 
trend estimation filter (11) annihilates the seasonal com
ponent a;+Py 5/ completely and reproduces the trend 5r 
exactly. Then we have

1 5
■X/ =  5 / + ; ^  (e/-6+ 2T,Et+p~\-tt+6)

^  P--5

so that, on substitution in (12) we obtain

. . .  (13)

Zi =  cy4(l +Py).^/4’ii . . .  (14)

(0 so 90 
Residuals (Hundreds)

130 170 210

where

•nt
1 ^(s/-6+22e^+p+ej+6)

p = - 5

.. (15)

to the first approximation on regarding

1 ^— (e/-642Ser+p4e/+6)Pi/ as negligible.
.*4 p=-5

We therefore finish up with a new regression model (14) 
which has the same form as (12) except that the original 
disturbances e/ are replaced by the filtered disturbances 
7), given by (15). From the graph of the frequency response 
function of the centred 12-month moving average given in 
Figure 2 it follows that the properties of the new disturbances 
7)/ are very close to those of s/ in the neighbourhood of the 
seasonal frequencies. Since the properties in this neighbour
hood are the most relevant for the estimation of ay and py 
we infer that the fitting of the regression model is little 
affected by the substitution of Xt for 5/.

1949- 58

1950- 59

1951-60

1952-61

195342

195443

1955-64

195645

195746

1195847

+195948

1196049

8
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Effect of using improved trend estimate on regression*

Table 3 total series

Base
position

1949-58

1950-59

1951-60

1952-61

1953-62

1954-63

1955-64

1956-65

1957-66

t 1958-67

tl959-68

t 1960-69

Comparison of serial correlation 
of residuals (Durbin-Watson Statistics)

^Modified for extreme values

tModel fitted with prior amplitude scaling: see Section 5-2

« ft

Comparison of mean square errors
(thousands)2

Centred 12-month 
moving average 
trend estimate

Two-stage Burman 
moving average 
trend estimate

Centred 12-month 
moving average 
trend estimate

0-57 1-87 119

0-51 1-91 125

0*53 1*98 118

0*56 1-98 106

0-64 1-84 95

0-47 1-91 124

0-40 2-00 127

0-47 1-99 139

0-37 1*93 169

0*45 2*17 122

0-44 2-03 102

0-44 1-85 92

» (

•X

Two-Stage Burman 
moving average 
trend estimate

17

14

18

^ \ t '
IL: X'i

V V • * ft.

/
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Of the assumptions made above the most critical is that 
the estimator (11) reproduces exactly. This is strictly true 
only where the trend is linear. When the trend is non-linear 
a bias is introduced into the regression model arising from 
the discrepancy between

1 ’ and —■̂4 _ _ _ 5

It is to eliminate this bias that the Burman estimator is 
used to estimate in the second stage of fitting. Let the 
Burman trend estimator be denoted by

Xi — S-|-28pZ/+;,
p = ~ 6

Making approximations similar to those above it can be 
shown that to the first order of approximation we obtain

nt Ct—SlV/p St+P
p = - 6

••• (16)

where wjp depends to a small extent ony and t — 12(i—1)+ / 
It was found empirically that the disturbances were 
distributed approximately normally (see Figure 4) and were 
not serially correlated (see Table 3). Thus the main effect 
of the trend estimation is to replace the original disturbance 
Zf by a new disturbance the relation between these two 
being indicated by the transfer function given in Figure 2.

The question now arises whether it is legitimate to fit the

10

derived regression model (14) by least squares bearing in 
mind the possibility that the original disturbances (12) may 
be serially correlated and taking into account the above 
mentioned consequences of trend estimation. Now 
Grenander and Rosenblatt (1957), chapter 7, have shown 
that for estimating coefficients of periodic functions such as 
ay and py of slowly changing regressors such as Xt, least 
squares is an asymptotically efficient procedure under wide 
variations in the serial properties of the disturbances. We 
infer that, at least to a reasonably satisfactory order of 
approximation, it is justifiable to fit model (14) by least 
squares after both first and second-stage estimation of 
trend.

We calculated the Durbin-Watson statistic d for assessing 
the serial correlation of the residuals nj from the regression 
in the original data space (see Table 3). It will be noted for 
different base positions that with the centred 12-month 
moving average, d lies between 0*37 and 0*64. In sharp 
contrast, the two-stage method gives d between 1*91 and 
2*18, showing no serial correlation. Hence in the two-stage 
procedure, the efficiency of fitting by least squares and the 
significance tests in the stepwise procedure are not seriously 
in question due to autocorrelation of the errors.

A further measure of the improvement resulting from the 
use of the two-stage method in preference to the 12-month 
centred moving average as the trend estimate is the reduction 
in mean square error. This is shown in Table 3 where it can 
be seen that the model fitted using the two-stage method 
gives a squared error about one fifth of that using the 12- 
month centred moving average.
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Fitting the regression model

lodel3.1 Fourier transformation of the i
In the 1965-70 method, the model (2), subject to the con
straints (3) was fitted by least squares, the trend of 
course being replaced by an estimate Xi; since there are 24 
seasonal factors and 2 constraints, 22 coefficients are 
obtained. For the further development of the method of 
fitting it is convenient to write the fitted regression in 
vector notation as:

a+x/b-hri ...(17)
where

and
j i  =  Zt—Xi
jt is the column vector 
a is the column vector

y n , ...»yty nV
[au ci2y ...» a\2\

%i is the diagonal matrix

~ xn
X12 O '

0 x/,12 _

and
b is the column vector 
Ti the column vector

[bl, bly 612]"
[ / 'l l ,  r i2 , r / ,12] '

Since seasonal variation is a periodic function of period 
1 year it may be represented as a sum of sine and cosine 
waves of periods 1, i, J, t  and J years, i.e. 12, 6, 4, 3, 
2-4 and 2 months. Rewriting the model (17) in terms of 
these cycles, we can estimate the amplitude and phase of 
each of the sine and cosine waves and thence derive the 
seasonal factors for each month separately. The rewriting 
is done by the following Fourier transformation.

We take the 12 x l2  Fourier matrix F with elements fkp 
given by, for p =  1, 2, .. 12,

A p -= 1/V .2

fkp = I/V 6 cos k
12

= 1/V. sin k
12

flip == I/V 12 cos 12
Put V/ =  Fyi, Cl =  Fa, C2 =  
of (17) becomes

= Ci+Fxi b+Fn
or Vi == Ci-l-(FxiF') C2-l-gi
where g/ == Ffi.

2,4, . . .  10

■  « 11 K ..(18)

Fb, so that the transform

...(19)

.<0:

Now let I be the 12 x  12 
diagonal matrix

1

1

1

..  .(20)then V/ =  (/, FxiF')c+gf 
where c — (ci, C2) are the Fourier coefficients.

Since the Fourier transformation is orthogonal, the 
application of least squares to model (20) gives results 
identical to those given by the application of least squares 
to model (17).
3.2 Stepwise regression program
There are 24 coefficients in the regression model (20). By 
using a stepwise regression program, we introduce these 
coefficients one by one, at each stage choosing the coefficient 
that effects the largest reduction in the residual sum of 
squares. The ‘backward look* stepwise method described by 
Efroymson (1960) was used, where after introducing a new 
coefficient, each of the coefficients already introduced is 
re-examined to verify that it is still significant; if it is not, 
it is rejected. In the present work, rejection of a coefficient 
in this backward look was rare. When the reduction in the 
residual sum of squares is not statistically significant at a 
pre-assigned probability level the stepwise procedure is 
stopped.

The constraints (3) are easily applied in this method. The 
Fourier coefficients ci,i and C2,i are respectively the sums 
of the additive and the multiplicative monthly seasonal 
factors. Thus arranging the stepwise procedure so that these 
coefficients are not allowed to enter the regression is 
equivalent to imposing the constraints.

It was found that the seasonal variation is dominated by 
the annual Fourier cycle (see Figure 5). Because of this we 
decided to ‘force’ the stepwise regression so that the two 
additive and two multiplicative annual Fourier coefficients 
are always estimated. Thus the amplitudes and phases of the 
additive and multiplicative annual cycles are estimated first 
and then the six monthly and higher frequencies that are to 
be included are selected by the stepwise procedure. We have 
used a 10 per cent level throughout, which has seemed 
generally satisfactory. Including the four coefficients of the 
annual cycles, about half the 22 coefficients are introduced. 
We should perhaps remark that the use of significance tests 
for the purpose of deciding which variables to include seems 
to us justifiable more on the pragmatic grounds that it 
seems to give sensible results in practice rather than in 
terms of the formal theory of testing hypotheses.
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Figure 5 Fourier cycles
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The advantage of the stepwise method is that the excluded 
non-significant cycles are classed correctly with the irregular 
components and thus the estimated seasonal variation is 
smoother than would be obtained if all 22 Fourier coeffi
cients were estimated: it follows that the seasonally adjusted 
series is not ‘over-smoothed’ in the sense that the irregular 
component is separated better from the seasonal component.

A disadvantage of the stepwise procedure when applied 
to the regression model is that a slight element of instability 
may occur as the regression base is updated due to a shift in 
the selection from additive to multiplicative components at 
the same frequency or vice versa. However this effect is 
reduced by the forced inclusion of both additive and multi
plicative annual components. The small amount of in
stability remaining is a small price to pay for the positive 
advantages of the stepwise regression procedure.

3.3 Length of base
To respond to changing seasonality, theprogram is organised 
so as to update the regression base periodically. An important 
question is the number of observations or base length over 
which the regression model is fitted. To get some idea of 
what would be suitable, provision was made in the early 
programs for calculation of a mean square prediction error. 
In these programs the regression base was updated at 
annual intervals, the last month being a December. For a 
base ending in year n, the deviations of the observations 
from the regression were calculated for the 12 months from 
July of year (« +  l) to June of year (n+2) and the mean 
square prediction error was found as l/12th the sum of the 
squares of these deviations.

Working with a trend estimated by a 12-month centred 
moving average it was found that the mean square prediction 
errors fell rapidly as the number of years in the regression 
base was increased to 10 years and thereafter fell slowly. 
In the light of this result, and bearing in mind the importance 
of responding quickly to changing seasonality, we adopted a 
base length of 10 years for our further work.
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4. Extreme values

4.1 Introduction
A basic part of our work was the development of a suitable 
procedure for dealing with extreme observations such as 
occurred in the winter of 1963 when unemployment rose 
drastically because of the unusually severe weather. Obser
vations as extreme as this occur only very infrequently and 
it is clear that if they are included without modification in 
the estimation formulae substantial biases can result.

There are several papers in the literature dealing with the 
study of extreme values in regression and other linear 
models, notably Anscombe (I960), but we did not find 
these very helpful since they seemed to be concerned mainly 
with the detection of extremes arising from contamination 
of the data, e.g. from errors of observations or the inclusion 
of observations from another population and these con
siderations did not apply in our case. We were therefore 
forced to develop our own ad hoc analysis.

In order to demonstrate the effect that an extreme value 
can have on a regression estimate it is instructive to examine 
the simple regression case.

Consider £(y) =  a-|-px 

fitted to n observations (x,-, yt). Writing

...(21)

nx
n

2  Xiy 
i=I

n
CS{x, y) =  2  (x ,-x ) (y,—y) etc.,

i=l

the least squares estimates of a, p are
a

b

y ^ b x
CSjxy)
CS{xx)

and R =  CS(yy)-b^CS(xx)
\ ...(22)

Ti yi—a—bxi

where R is the residual sum of squares and n the residual of 
the zth observation from the regression.

If the mth observation (x„, y„) is extreme in y„ then it 
seems natural to look at the change in the estimates when 
this observation is omitted.

In fact we have

where S ■m
CS(xx)

1 n ~ \
n

. . .  (24)
m

CS(xx)

For example consider the regression for Februarys, 
1951-67, for the total series taking x as a 12-month centred 
moving average. Working in hundreds S =  T 5 7 x l0 -^  
Y =  1*50, Tm =  400, and b =  0-23. We know that February 
1963 is an extreme value and if we omit it from the regression 
we find b’ =  0T4 compared with an original value of 0*23. 
Though this is a simplified situation (only 17 observations) 
it demonstrates that extreme values can have a considerable 
effect.

Omitting an extreme value is clearly a drastic step. 
Moreover the use of moving averages and Fourier trans
forms in seasonal adjustment procedures makes it difficult 
if not impossible to omit an observation. An obvious 
alternative is to make some modification A, say, to the 
observation y^. It can be shown that

b' -  6+SA 

R' =  7?-|-2rmAH-

m
A

fm~\'
Y

• • • (25)

/

If the observation is displaced so that it lies on the original 
regression i.e. A =  — rm then

b' =  b -^ r m
1

r m rm(l )
Y

.. .(26)

In the example discussed earlier the effect of moving the 
observation for February 1963 to lie on the original regres
sion is to give a b' of 0T7 which is reasonably close to the 
estimate got by omitting the observation entirely. However 
it is not difficult to show that this device is unsatisfactory 
for a very large extreme.



It is interesting to note that if we choose A so that R' in 
equation (25) is minimised we find A =  —yrm and

m

R' =  R -y r m V

0
. ■. (27)

the same as omitting the observation ^m. This also follows 
if we displace the observation so that it lies on the re
calculated regression, i.e. we require r’m to be zero.
4.2 Modification of extreme values
An obvious way of identifying observations that are extreme 
is to look for residuals outside the range -^kis when s is the 
standard error from the regression and ki is a constant. 
When we tried displacing such observations to be on the 
regression as is suggested by the previous section an observa
tion which was extreme and therefore put onto the regression 
line for one position of the base sometimes was not found 
to be extreme for another position of the base. This difficulty 
is avoided by using a tapering method in which extremes 
outside the range ±:k2S, where kz> ku  are moved on to the 
regression line and those in the ranges kis to kis and ~ k 2S 
to —kiS are moved on a linearly graduated scale such 
that residuals at ±  kis are not displaced.

Experimental runs suggested that this method did not 
deal adequately with the very large extreme observations 
recorded for the hard winter of 1963. As the base was 
updated to include 1963 observations it seemed possible 
that the estimated regression coefficients were being biased 
so much that merely putting the extreme observations onto 
the regression was inadequate. Assuming that there was no 
appreciable change in seasonality in 1963 an idea of the 
extremity of this winter can be obtained by looking at the 
deviations of the 1963 observations from the regression 
base 1953-62. We calculate the trend of the observations 
for 1963 by seasonally adjusting the series to June 1964 
with the seasonal factors for the 1953-62 base and then 
taking a Burman moving average. Thence we derive the 
‘predicted’ residuals of the 1963 observations from the 
1953-62 regression. Table 4 shows a ‘predicted’ residual of 
about 5s for February and for March. The large 
negative residuals for April and May are discussed later. It 
was decided to calculate residuals of observations a year 
ahead of each position of the regression base and to displace

Table 4
Year-ahead residuals—1963

hundreds
January -  44
February 229
March 346
April -126
May -157
June -  57
July -  60
August 65
September 48
October -  22
November 7
December 74

(Standard error 1953-62 Base position
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those observations having residuals outside the range 
± k 2S to lie on the predicting recession. As was noted in 
Section 4.1 such a procedure with a simple regression is 
equivalent to omitting the observation.

With these considerations in mind a two-step procedure 
for modifying extreme values was adopted. The process is 
started by modifying internal extremes in the first base 
position. Then the base is updated annually and for all 
subsequent base-positions the two-step procedure is applied. 
First, year-ahead large extremes are displaced to lie on the 
‘predicting’ regression. This displacement is then maintained 
as the regression base is updated to include the year in which 
these large extremes were detected, i.e. the original observa
tion is replaced for all subsequent work by the modified 
value. However, the modified large extremes together with 
all other observations within a regression base are examined 
and modified as necessary by the tapering procedure. Occa
sionally an extreme residual outside the range ±kis  is found 
within the regression base, in which case it is displaced to lie 
on the regression estimated for this base position.

This two-step procedure was evolved after a number of 
trials, including an examination of the Winsorisation 
technique (Tukey, 1962).

The choice of control limits, i.e. of ki and k 2y was empir
ical. Various experiments and scrutiny of residuals led us to 
take k\ =  2*00, k 2 — 3-75. It is worth noting that with these 
values, observations having residuals just exceeding 2s are 
displaced so that their residuals are just less than 2^: thus 
if such residuals do not correspond to extreme observations 
but merely arise from normal sampling the price paid for 
modifying these fluctuations is not large.

Because trend is a moving average of either the original 
or a preliminarily seasonally adjusted series, any extrenae 
values affect the trend estimate. This gives rise to two 
problems; first a value may not appear extreme until its 
more extreme neighbours have been modified and secondly 
the modifications must take account of the effect of these 
extreme neighbours. The first of these problems is discussed 
in Section 4.3 in the light of some difficulties encountered 
with the component unemployment series. The second 
requires some algebra and since this is identical for internal 
and year-ahead extremes no distinction is made.

We define residuals nj
...(28)n j  =  Zij— a j — X i j ( l  - \-b j)

If s is the standard error from the regression and kt and kz 
are two control limits then is said to be a large extreme if

\rij\> k2S . . .  (29)
and a small extreme if

k\s ^  I r/ri ^  ^2̂  ■ ■ -(30)
If is the new residual obtained by modifying

Zijy then for large extremes
Ary =/■</ ...(31)

and for small extremes

'■(/-
ri] k\ (sign ry) .. .(32)

{k2-ki)
We need now to find the modified observation (zy—Azy) 

having a residual (ry—Ary). Changing zy to (zy—Azy) also 
changes xy to (xy-Axy). Using (28), we therefore have

% f

A
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whence
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. . .  (34)

r ( / — A r y  =  ( z y — A ^ y )
-a j- ix y -^ x u )^ \+ b J )

and neglecting bj A:cy, which is generally small,
A r y  =  A z y — A x y  

Translating this to the notation used in Section 3,
Art =  Azr~Axi .. .(35)

where t =  12 (/—I)+7 .
We can write the centred 12-month moving average as

+6
Xt =  Wp Zt+p . . .  (36)

- 6

+  6
whence Axt =  2  Wp Azt+p

~6
•. • (37)

where Azt+p is zero unless the observation is extreme. To 
emphasise that we are considering Zt to be extreme, let 2 ' 
denote summation over p  excluding /> =  0, whence

Ax:, =  Wo A z,+2 ' Wp Azt+p .. .(38)
Substituting in (35) and re-arranging,

Az, =  I Ar,+2'>vp Azt+p ^  .. .(39)1 — Wo
Substituting (39) in the right hand of (37) we get Ax:, and 
thence Az, from (35). Neglecting terms O(ŵ ) we obtain

Ar,+

+6
2  Wp An+p 

- 6 ...(40)
1 — Wo

which equation takes into account the effect on z, of any 
extremes lying within 6 observations either side. When 
Ar,+p =  0 for all p 0̂

A . Wo ArtAr,+ ------
-W o

Az,
1

...(41)
w.

If X is a Burman moving average of a preliminarily 
seasonally adjusted series

+6
Xi 2  w',

Zt+p— dh

- 6 l+b, ...(42)

where h =  (r+ p —1) mod 12+1

whence Ax,
+ 6
2  w : Azi+P

- 6 1 -\~bft . . .  (43)

Thus in a similar manner to (41) we derive

Ar,+2^ ŵj Azf + p

1 '^b.
1

w'
1 + ^ ' , ...(44)

where h‘ =  ( r -1 )  mod 12+1
and substituting into (43) and neglecting terms 0(w'/ )  we 
obtain

Ar,+ ^
_ 6  1 + 6 a — w ' . . .  (45)

Formula (40) is applied when trend is estimated by a 
12-month centred moving average and gives the modifica
tion to be made to an observation at time t due to an extreme 
at time / and to neighbouring extremes in the interval (t—6)

A

K \

to (/+6). It is based on the modifications of the correspond
ing residuals as found from formulae (31, 32). Formula (45) 
is applied at the second stage of trend estimation using the 
Burman moving average of a preliminary seasonally 
adjusted series and modification of residuals from formulae 
(31, 32).
4.3 Experience with the method
As far as the total series is concerned the method has 
worked well so far. Table 5 gives both year-ahead and small 
internal modifications for various positions of the base. 
The modifications being made to 1963 by the year-ahead 
rule now appear adequate inasmuch as the fit of the model 
is substantially unchanged by the inclusion of the modified 
values for 1963 in the estimation period. This point can be 
seen clearly in Figure 7 of Section 5 where regression lines 
for January and July both inclusive and exclusive of 1963 
modified extreme observations are shown.

Figure 4, which was a normal plot of residuals with year- 
ahead extremes modified is evidence for the choice of inner 
control limit. The residuals in the range ±2.y (i.e,±88 in 
Figure 4) lie practically on a straight line and are consistent 
with the assumption that they are distributed normally with 
the same mean and variance whereas those few outside the 
control limit appear quite different.

Some difficulties have been experienced, however, with 
component series when 1963 appears even more extreme in 
relation to the rest of the series than is the case in the total 
series. The effect on the trend estimation is so serious as to 
make neighbouring values appear to be large extremes in the 
opposite direction. This effect is visible in the moderately 
large negative residuals for April and May shown in 
Table 4 though in the total series these do not exceed the 
upper control limit. It has therefore been found necessary 
to introduce a further control limit h  where h  >  kz. If any 
residual is found outside the range ±  k^s then only neigh
bouring observations with residuals of the same sign are 
modified {kzs is still the level above which residuals are 
identified as extremes). In practice the choice of k^ equal to 
6 has been satisfactory for most of the components where 
this difficulty has been encountered but one or two series 
have needed special attention.

Attention has already been drawn to the necessary 
assumption of constant seasonality for the year-ahead 
procedure. If a major alteration takes place then this can 
be found from the local amplitude scaling factors described 
in Section 5. However it might be that only one particular 
month is affected; this month appears as a year-ahead 
extreme which is then modified permanently and of course 
as the base is updated the same month in the following 
year will appear as a year-ahead extreme. We propose that 
if the same month is identified two years running the 
year-ahead modification should not be made and the model 
will then adapt to the new situation. Although the perform
ance of the method should always be kept under scrutiny, 
in practice it is reasonably automatic. Obviously any 
empirical method should be used with care: e.g. control 
limits suitable for the total series may prove unsatisfactory 
for component series etc. Another case calling for caution 
is when several months in the year-ahead are identified as 
large extremes for which, unlike the hard winter in 1963, 
there is no assignable cause.

15



K,' 1— 31n
■ ■r>

g 1^
-<olw^



Fitting the model recent observations

5.1 Recent behaviour of the series
It was hoped that improvements effected in the method of 
fitting the model and updating the base (Section 3), use of 
the two-stage method for trend estimation (Section 2) and 
modification of extreme values (Section 4), taken together, 
might remove the over-adjustment of the series evident in 
recent years from Figure 1. However Figure 6 shows that the 
total series, adjusted with a regression base 1957-66, still 
shows a contra-seasonal movement. The figure suggests that 
a large change in the seasonal variation has taken place since 
1967.

This change is also apparent from the fit of the regression 
as the base is updated to include data for 1967 and 1968. For 
the base 1959-68 the seasonal variation at high trend 
(500,000) is estimated as 52,000 and at low trend (250,000) as 
50,000. This compares with a high trend figure from the 
1956-65 base of 74,000 and a low trend figure of 42,000. 
These estimation periods have seven years in common and 
it is clearly unacceptable to have such differing estimates. 
The figures from the 1959-68 base would appear to have an 
increased additivity and thus prompt further consideration 
of the type of model fitted up to 1967. Figure 7 shows the 
regression lines for January and July (continuous lines) as 
estimated from the regression 1957-66. It will be clear that 
there is a definite multiplicative element present. It is also 
clear that this relationship had not altered greatly up to 
1966; the broken lines on Figure 7 show the regressions 
obtained from the base 1950-59 and they are close to the 
continuous lines. Also shown on the figures are the actual 
deviations from trend from 1957-69. Up to January 1967 
the lines are a good fit but the observations after that deviate 
markedly from the lines.

The nature of the change is evident from Figure 8 which 
compares (i) the deviations of the observations, corrected 
for extreme values, from trend during 1957-66 with the 
seasonal variation {aj+bjXij) computed from the 1957-66 
base using the two stage trend and (ii) the deviations from 
trend during 1967-69 with the seasonal variation ‘predicted’ 
from the 1957-66 regression base. Inspection of the figure 
suggested that the main change is a considerable reduction 
in the amplitude of the seasonal cycle.

Thus our problem now is to consider how to fit a regres
sion to data which manifestly show a marked change in the 
dependent variable in 1967. It would not be unreasonable 
to say that one should start a new adjustment procedure 
from mid-1967 onwards, notwithstanding that this gives 
only a couple of years’ data for estimating the seasonality. 
However as has already been stated it would seem that the 
pattern (or shape) of the seasonal component is substan

tially unaltered and a method which would compensate for 
the change in the amplitude after 1967 while estimating the 
pattern over a 10 year period seems preferable. That this 
may be possible is evident from Figure 8b which shows that 
the post-1967 amplitude is about 0-7 of the pre-1967 
amplitude, the changes in seasonal pattern being marginal.

5.2 Prior amplitude scaling
The manner in which we decided to do this was to fit the 
model in the following way;

up to June 1967, (zij—x/j) =  j ...(46)
from July 1967, (zij—Xij)

where /  is called the prior amplitude scaling factor. This 
formulation assumes that the variances of the irregular 
components before and after mid-1967 are the same. We 
fitted (46) by minimising with respect to the seasonal factors 
the sum of squares

120

{zij~xo)-{aj-{-bjXij)

where to is June 1967. It will be noted that the first term in 
the minimisation expression is multiplied by the factor 
and since the prior amplitude scaling factor is less than one 
for all the series examined the least squares estimates are 
weighted in favour of observations after mid-1967; the 
greater the change in amplitude after 1967 the more emphasis 
that is given to recent observations. It seemed reasonable to 
us to allow the prior amplitude scaling factor to be used as 
a weighting factor on the grounds that the more severe the 
change in amplitude the more likely there are to be alter
ations in the pattern thus making observations prior to the 
amplitude discontinuity of less value. However we feel that 
in the further development of the program the weighting 
ought to be treated independently. It is evident from the 
mean square residuals given in Table 3 that the weights we 
have chosen and the assumption of constant irregular 
components are reasonable.

The seasonal variation at high trend estimated by the 
revised model (46) using the 1959-68 base is 50,000. In order 
to compare it with pre-June 1967 figures it must be divided
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Figure 6
Series, seasonally adjusted, using 1957-66 regression base
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We are thus comparing a 25-term centred average 
of deviations from trend to the same average 
of the seasonal variation using the estimated 
seasonal constants, in both cases independent of 
signs. We call this ratio the local amplitude sealine 
factor.

The values z and x used in (47) are freed from 
large ‘year-ahead’ extreme values when the obser
vation lies within the regression base and for the 
following 12 months. When factors are calculated 
using observations more than 13 months ahead of 
the regression base, these observations may include 
some extreme values.

1965 1966 1967 1966 1969 1970

by 0-7 giving 71,000 which is now of the same order as the 
74,000 from the 1956-65 base. Similarly the low amplitude 
figure of 46,000 is comparable with the 1956-65 42,000. 
The regression fit for 1959-68 using the revised model also is 
slightly better than when the prior correction is not made.

5.3 Local amplitude scaling factors
In view of the sharp change in amplitude in 1967 we wanted 
to include in our adjustment procedure a means of respond
ing rapidly to future changes in amplitude, assuming the 
seasonal pattern to be held constant. With this in view we 
decided to make local comparisons between the area of the 
actual seasonal wave and the area of the wave using the 
averaged constants. Thus we define the ratio

• .. (47)

This concept of estimating the average seasonal 
component over a longish period and then examin
ing local behaviour in relation to this average was 
discussed in a little known paper by Wald 
(1936) summarised and discussed by Godfrey and 
Karreman (1967). However Wald’s method differs 
in several respects from the method used here.

For the trend estimate we decided to use the 
12-month centred moving average. This is because 
when the seasonal component is changing the 
two-stage trend estimate will contain a seasonal 
element which will bias the local amplitude scaling 
factors in the region where they are of most value. 
The price paid for use of the 12-month centred 
moving average is a possible bias in peaks and 
troughs but experience so far has not found this 
to be severe. The estimation period for the local 
amplitude scaling factors was taken as two years; 
we felt that it should be sufficiently long as to be 
little affected by any unusually erratic behaviour 
of the series while responding quickly to genuine 
changes in the size of the seasonal component.
A 3-year period could be used with erratic series.

The manner in which the local amplitude scaling factors are 
used in the final seasonal adjustment is discussed in Section 
6.1; for the present we shall confine ourselves to considering 
their use for analysing the behaviour of the series.

Tables 6a, b, c give the factors for each June from 1960 
to 1969 computed from different regression bases. Taking 
first the results for the total series given in Table 6a, for any 
year up to 1967 the dys predicted for each year from the 
preceding base and those found when the year in question is at 
the middle of the base do not differ by more than 10 per cent. 
The years from 1964 onwards cannot be at the middle of a 
base, so the table is completed by giving the local amplitude 
scaling factors for these years using the 1958-67 base without 
prior amplitude scaling. This small difference in the difs is 
to be expected in view of the relative stability and indepen
dence of the base of estimated seasonal constants up to 1966. 
However the di/s predicted from the 1957-66 and 1958-67 
bases for 1968 drop sharply and the value in 1968 of 0-6 is 
reasonably in line with the adopted prior amplitude scaling 
factor of 0-7. For the total series the 0*7 factor was put into 
practice before the development of the local scaling factors. 
For component series we propose the use of the predicted 
local amplitude scaling factor as the prior amplitude 
scaling factor (see Section 6.2).
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Tables 6b and 6c give the same June scaling factors for 
the males and females components of the total series. The 
predicted fall from 1967 for the females is of particular 
interest since this series is predominantly additive, having 
for the base 1957-66 a multiplicativity M  of 0-4. Now one 
possible hypothesis for the change in the behaviour of the 
total series was that, rather than a fall in amplitudes post- 
1966, there was a switch from a mixed to an additive model 
from 1964. We feel that the result for the females disproves 
this hypothesis.

5.4 Updating the base

4

J
In view of the short time that has elapsed since 1967, when 
the amplitude of the seasonal variation decreased sharply, 
it was felt desirable to update the base quarterly instead of 
annually as would have been adequate during the period up 
to 1967. The program is arranged so that the routine for 
year-ahead large extremes is not used during the three 
quarters between annual updatings, whereas the local 
amplitude scaling factors are updated quarterly.
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Table 6a

Table 6b

Base 
position

1950- 59
1951- 60
1952- 61
1953- 62
1954- 63
1955- 64
1956- 65
1957- 66 

t 1958-67

Table 6c

Base
position

L=rto

Local amplitude scaling factors at June in each year

Total series

Males

1960 1961 1962 1963 1964 1965 1966 1967 1968

1-0
1«3

1-2 ‘Predicted’ d's 
0-8

0-9
1-0

mid-base values

0-8
M

0-9 11
last base values

Females

1960 1961 1962 1963 1964 1965 1966 1967 1968
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6. The new method

6.1 Description of the method
The object of this section is to describe how the various 
elements discussed in previous sections are combined 
together to form the seasonal adjustment procedure finally 
adopted. To examine the past behaviour of the series, the 
program is first run with annual updating from the regres
sion base in its first position to the last available position. 
The way in which any necessary prior amplitude scaling is 
introduced is described in Section 6.2. As said in Section 5.4, 
quarterly updating is introduced for adjusting current 
observations.

For simplicity of notation, the computer routines for the 
first position of an m year base are described. This leads 
through to identification and modification of year-ahead 
large extremes, and then the base is updated.

The purpose of each step in the calculations is stated 
briefly in the first column of the following tabular presen
tation. The next column gives a brief comment on the cal
culations and the third column gives the formulae. Again,

for simplicity, the formulae do not include the pre-1967 
amplitude scaling.

It is convenient to change the notation from writing /, j  as 
subscripts to writing them on the line; thus zy is now 
written as z{ij). This enables us to use other subscripts and 
superscripts as follows:
Subscript 1 when (directly or indirectly) a 12-month centred

moving average is used.

Subscript 2 when (directly or indirectly) a Burman moving
average of a preliminary seasonally adjusted 
series is used,

Subscript e when a trend free from extremes is used or
implied.

Subscript g  when a series free from extremes is used or
implied,

Superscript s to denote a seasonally adjusted series.

Comment Formulae
Original series Observations for «-}-l years

First trend estimate A 12-month centred moving average of 
the original series is calculated for years 
2 to w +  l. The subscript 1 is used when
ever an equation involves (directly or 
indirectly) the 12-month centred moving 
average.

First fit of model The model is fitted to years 2 to m-\-\ 
using the first trend estimate. The fitting 
is done in the manner described in 
Section 3 i.e. a Fourier transformation is 
made and the model is fitted by a step
wise procedure.

(1) i = •1 = •1 =

1
: 2, ... n
:M +  1

■
J = «
J = •
J =

= 7, ..., 12 
= 1, ..., 12 
- 1, ..., 6

also given by

(2) {z(0} t == I2 ( /- l)+ y

(3)
+ 6

x , ( 0 =  2
p=-6

wipz(t-\-p)

i ~  2, ..., w +  l •
J == 1, ..., 12

(4) 2 (y )-^ i(y ) =  ai(7)+^i(y> i(y)+
i — j  ^

fiiii)
-- 1, ..., 12

First modification 
of extremes

Internal extremes in years 2 to am +1 are 
modified using the residuals from the 
first fit in order to provide a better trend 
estimate. The subscript e is used when
ever trend free from extremes is used or 
implied. A revised series is produced for 
years 1 to m-{-2.

{Zeiij)) 1
2, ... w-j-1
m-\-2

7, ..., 12
1, ..., 12
1, 6
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Preliminary seasonally 
adjusted series

Second trend estimate

Second fit of the model

Second and final 
modification of internal 
extremes

REFIT OF MODEL 
USING SERIES 
MODIFIED FOR 
EXTREME VALUES

Third trend estimate

Third fit of the model

Preliminary seasonally 
adjusted series

Fourth trend estimate

Fourth and final fit of 
model
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Comment Formulae
In order to use the Burman moving 
average as a better trend estimate the 
revised series is seasonally adjusted. The 
adjusted series is distinguished by a 
superscript s.

^  ((/) 1
1
2, ... w-hl
m+2

A Burman 13-point moving average of 
the preliminary seasonally adjusted 
series is calculated for years 2 to m +  1. 
The subscript 2 is used whenever an 
equation involves (directly or indirectly) 
the Burman moving average.

X u ( t )
+ 6

= S wip zi {t 4-p)
p=»-6

/ =  2, w+1 1, 12

The model is refitted to years 2 to w +  1 
using the second trend estimate and the 
original series.

Internal extremes in years 2 to m+1 are 
finally modified using the residuals from 
the second fit of the model. These modi
fications are then used to obtain final 
seasonal factors. The subscript g is used 
to show that a series modified for extremes 
is implied.

z(i7)-X2.(i7) =̂  a2t(j)-\-ble(j)X2e{ij)-{-r2e(ij)
I — 2, ..., m +  1 •

J = 1. 12

{zgiij)} i =: 1 •

J = 7, 12
•i —: 2, m +  1 •

J = 1, .... 12
•i —: m+2 •

J = 1 ̂ * * * 9 ^

A 12-month centred moving average of 
the revised series is calculated for years 
2 to w +  1.

(10) xu{t)
+6

=  2  wxp Zg{t-\-p)
p = - 6

i  =  2 , . . . ,  w - f - 1 1, ..., 12

The model is fitted to years 2 to m -fl (H) Zgiij)—xig{ij)=^aig(J)-\-bigU) Xg{ij}+rig(ij) 
using the modified series.

i  — 2, ..., m+1 I. ...» 12

A further preliminary seasonally adjus
ted series using the constants from the 
third fit is computed.

ziiij)
Zgiu)-^i8(J)

1 + b i g { j )

1
2, ...»m+1
m+2

7, ..., 12 
1. ..., 12 
1} ...) b

The final trend estimate is computed as 
a Burman moving average of the pre
liminary seasonally adjusted series cal
culated at the previous step.

(13) X 2 , { t )
+ 6
S W2p Zl(t +p)

p = - 6

i =  2, ..., m+1 1, ...» 12

The model is now fitted using the modi
fied series and the fourth trend estimate. 
This fit provides the final seasonal con
stants for the base position.

(14) Zg(ij)-X2g(i;)=a2g(J)+^2sU) X2g{i})+r2g(u)
i  =  2, ...» m +  1 j  == 1, ...» 12

'f-••' i

A
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factors
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'.....

1, 12

+ru(i;')

= 1.

OlBz:

Modification of year- 
ahead extremes

Local amplitude scaling 
factors

Seasonally adjusted 
series

n

Comments

In order to extend the fourth trend 
estimate a preliminary seasonally adjus
ted series beyond the base is calculated. 
A Burman moving average of this adjus
ted series is then computed.
The predicted residuals for year m +2 
are then obtainable.

Large extremes can now be modified in 
year m-f-2 and a revised series obtained. 
The procedure is then re-applied from 
steps 15 to 17 using the revised series 
and after any further modifications the 
resulting revised series is used for all 
further estimation.

First the final 12-month moving average 
(third trend estimate) is extended 18 
months beyond the base.
Local scaling factors are then calculated 
for the second half of the base plus six 
months.

Using the local amplitude scaling factors 
a seasonally adjusted series is then cal
culated for the second half of the base 
plus six months. To preserve the con
straints Say =  "Lbj — 0 only one scaling 
factor is used for each year (months 
7 to 6).

Formulae

(15) 4((/')
^sQj)-Ou{J)

1 + M y )
— m +1 J == 7, ..., 12
=  m +2 «

J == 12
=  m +3 •

J =— 1̂  ^

(16) xu{t)
+6

2  W2pzl{t-\-p)
p = - 6

= m +2 7 = 1 ,  12i

(17)
i

+*2«o')) X2g(ij) 
=  m-\-2 j  =  1, ..., 12

(18) x i,(t)
+ 6

S wip Zg (t+p)
p = - 6

m +  1 
m +2 
m +3

+ 12
2  Vp\zg{t^-p)-xig{t+p)\ 

p = - l 2

+ 12
2  V,

p ----- 12
^ 2g(J -hp) +Xig(t -i-p)a2g(J-l-p) I

m +  1
i

i

2
m+J
' 2  ■

I =  AM+ 2
a (— 1) =  ^r(ll) etc. 
and v - 1 2  =  V i2  =  1 v _ n

7 =  12

'w+l 7 =  U ■  ■ 12

J =  1.

V-io ... Vll

(20) z%ii) z ( i i ) - d ( i - h  12) a2,U )
1+7(1-1, 12) M y )

9I m +  1
m +2 1) ...) 6

z%ij) z ( i j ) -d ( i  12) 02, 0 )

m +  1
1+7(112) M y )

+  1, ..., AAl +  1 7 =  7, ..., 12

N V
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The whole procedure is now re-applied to obtain esti
mates of seasonal constants for the regression based on 
years 2 to m-\-2 and so on to the regression ending in year n. 
Because the local scaling factor is calculated as a function of 
25-month centred moving averages which themselves use a 
trend estimate, the last scaling factor is centred 18-months 
short of the end of the series. This final scaling factor 

1, 12)} is then used for the last two years of the 
series. The modified seasonal constants obtained with this 
final scaling factor are also used to seasonally adjust the 
next quarter’s figures as they become available, i.e. months 
7, 8, 9 of year /i+ l. At this point the regression base and the 
final scaling factor are both advanced one quarter to 
provide estimates for months 10, 11, 12 of year n-\-\ and 
quarterly updating continues until another complete year’s 
data is available. When a complete year’s data is available 
in order to modify any year-ahead extremes in year « + l 
the program is rerun starting two base positions before the 
end of the series. (In fact to remove any bias due to year- 
ahead extremes in the local amplitude scaling factor the 
program has to run through the last three positions; this is 
discussed further in the sub-section on revisions in 
Section 7.)

So far we have discussed the method without reference 
to pre-1967 amplitude scaling (Section 5.2). As a full 
description would require the re-writing of the first part of 
this subsection with an additional equation at each step we 
shall confine ourselves to general differences. If the amplitude 
after month r of years is reduced by a factor /  then the 
model is fitted as:

/=2, ... s—\ y = l, ... 12 i 7=1,...r
and z

i=s 7 =  r-|-l,...12 /= j+ l , . . .w  +  l J 1,...12

.(22)

Equations (22) with appropriate subscripts then replace 
equations (4), (8), (11) and (14),

Seasonal adjustment is then given by

z’(«y) i= 2 , . . . s - l
1 + (K J)lf)

and z^ij) z{y)-a(J) i=s 7 = r + l , ... 12
\+ b(j) /= 5 + l,. . .m  +  I 7=1, ...12

Equations (23) replace equations (6), (12), (15) and (20).
Similar alterations are necessary in the equations for 

modification of extreme values i.e. Anj becomes An;//* when
ever (/, j) < (r, s). The mean square residual about the 
regression is calculated, as indicated in Section 5.2, on the 
assumption that the variance of the irregular components 
did not decrease in 1967 with the seasonal amplitude.
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Figure 9
Seasonally adjusted series using new method
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6.2 Setting up the model
In order to apply the method to component series it is 

necessary to estimate /  and the point at which it should be 
applied (r, 5). The easiest way to investigate this is to run 
the program with annual updating and with no preliminary 
scaling factor and to use the local scaling factors as a 
monitoring device. This was discussed in Section 5.2 with 
reference to the total series. In this way a preliminary 
estimate of/  is made (and of (r, j )) and the program is re
run. If the first estimate was accurate the local scaling 
factors should approach unity otherwise a further estimate 
is made. Clearly, although the local scaling factors pro
vide a useful tool they should not be used in isolation and 
the various statistics discussed above all provide useful 
indications to the stability achieved.

6.3 The adjusted series
For the total series the prior amplitude scaling factor was 
applied before July 1967. It seemed desirable to use a 
regression which does not include observations with the
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later amplitude to estimate the seasonal coefficients to be 
used up to June 1967. The obvious base to use is that ending 
in December 1966 and this base was in fact used up to 
April 1967. After June 1967 it is desirable to include as much 
of the new data in the estimation period as possible, i.e. to 
use the adjusted series from the latest possible base position. 
When the method was introduced the latest base available 
ended in June 1969 and this was used to adjust from 
October 1967 onwards. Between April and October a 
graduated system was used in order to provide a smooth 
transition across the discontinuity. The constants used 
were those from the final base position and the adjustment

7. Concluding remarks

7.1 Review of performance of the method
It will be noted that the prior amplitude scaling was applied 
to the seasonal variation, i.e. to both additive and multipli
cative factors and not just to one of them. The reasons were
(i) the seasonalities of the total series and the series for males 
with the 1957-66 regression base were strongly multiplica
tive, as is evident for the total series from Figure 7, and
(ii) the series for females with the 1957-66 base is strongly 
additive and yet shows a large reduction in amplitude after 
1967, as may be seen from the local amplitude scaling factors 
in Table 6c. Thus the seasonal amplitude of the total series 
for a trend level falling to 250,000 would be, on present 
evidence, about 33,000. Only a change in trend level can 
show whether or not future seasonality will have such a 
dependence on the trend level. It follows that the perfor
mance of the model must be reviewed from time to time.

Another reason for reviewing the performance of the
model is that there may be another sharp change in the
seasonal amplitude. Should this happen, either a further
prior amplitude scaling may be desirable or, if the series
reverts to its pre-1967 behaviour, it may be desirable to
apply the prior amplitude scaling to the relevant portion of 
the series after 1967.

However, neither of the eventualities mentioned in the 
previous paragraphs is likely to cause immediate concern, 
since small changes in seasonal amplitude are taken into 
account by the local amplitude scaling factors and these 
factors provide an early warning of large changes. What the 
local amplitude scaling factor cannot do well is take account 
of sudden changes in seasonal pattern, considered apart 
from the amplitude; Changes in seasonal pattern are taken 
into account progressively as the base is updated.

In this connection it is to be noted that the calculation of
the local factors using the centred 12-month moving average
may be biased during any future rapid changes in trend 
level.

7

is therefore given by:

z(67J) 5d(61, 6)a(j)

z<67, j) m o - j )

5t/(67, 6)bU)

5, . . . 9
A lO - j)

The change between the two sets of seasonal constants 
used is then made between April and May where the 
seasonal amplitude is small. The total unemployment 
series adjusted using this method is shown in Figure 9. 
The graph shows that the over-adjustment of the earlier 
method has been eliminated.

7.2 Updating and revisions
In the previous section the manner in which current esti
mates are updated quarterly was described. However the 
local amplitude scaling factor used at the end of the series is 
centred eighteen months out of date and the estimation 
period may contain as-yet-unmodified year-ahead extremes. 
As more data become available it is possible to provide 
revised estimates free from the influence of possible year- 
ahead extreme values and also using correctly centred local 
amplitude scaling factors. If we consider the situation when 
we have an additional 12 months data for a series previously 
ending in June of year (« +1) then large extremes in that year 
may be modified using the regression base ending in 
December of year n. If any large extremes are found then by 
re-running the base ending in December of year n with such 
extremes modified in the input data, genuinely unbiased 
estimates of the seasonal constants are obtained. Further
more the local amplitude scaling factor centred on Decem
ber of year {n—1), as it only uses data to June of year (« +  l), 
is also unbiased by extreme values so that the twelve 
months, July of year (n—1) to June of year «, seasonally 
adjusted using this scaling factor applied to the constants 
from the regression base ending in December of year «, 
may be considered as final estimates. It is inherent in the 
logical use of the new method that a seasonally adjusted 
current observation may be revised three times, i.e. it only 
reaches its final value when three years’ further observations 
become available.

7.3 The historical series
Throughout the research attention has been concentrated on 
the problem of adjusting current observations as well as 
possible and little work has been done on the generation of a 
definitive historical series in which, for each year for which 
the definitive adjustment is effected, use is made of several 
years of subsequent observations.
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The adjustments of the total series up to 1966 effected by 
the 1965-70 method described in Section 1 appear to be 
reasonably close to those given by the new method for the 
same period and have been accepted as an adequate series. 
The most noticeable discrepancies are at the peaks of the 
series for which the new method would generally give slightly 
higher results than the old. However, with some of the 
component series it was necessary to use the new method 
back to 1964.

The main use of an historical seasonally adjusted series is 
in econometric analyses using a long run of data and it is not 
felt that such discrepancies as there may be between the new 
and old methods prior to 1966 will have any serious 
consequences.

7.4 Use of the new method
Since the initial work on the total series was done the 
method has been applied to all the component series 
(unemployment classified by sex, by industry and by region) 
and in all except one case a recent reduction in the seasonal 
amplitude was found. The method was applied precisely as 
described in Section 6.2 with the local scaling factors 
being used to estimate the preliminary scaling factor; the 
program was then re-run successively, adjusting the pre
liminary amplitude scaling factor until the local scaling 
factors were close to unity.

This procedure was not followed for the total series, for
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which a preliminary scaling factor of 0-7 was chosen by 
another method: this reduction in the seasonal variation is 
shown in figure 9b. Since then, it has been found that the 
seasonally adjusted total series did not agree with the three 
series formed by adding the components, although the three 
series agreed between themselves.

We feel that these discrepancies are caused by the different 
procedures used to obtain the preliminary scaling factors. 
Because the factor for the total series was chosen rather too 
large, not all the post-1967 amplitude reduction is accounted 
for, and as a result the regression takes more time to adapt 
than it need. Also the use of a larger factor for the total series 
means that the regression is not so heavily weighted with 
respect to recent observations. If a preliminary factor is cal
culated by the method of Section 6.2 a value of 0-55 as 
compared with previous value of 0-7 is found. Re-running 
the program for the total series produces a series very close 
to the aggregates and as a result the Department of Employ
ment intend to adopt this value for future work. This shows 
that the procedure described in Section 6.2 is a powerful one. 
However, we feel that this experience underlines the neces
sity for a further development of the program in which the 
weighting effect is separated from the preliminary scaling 
factor.

The method has also been applied to the vacancy series 
and again a recent reduction in seasonal amplitude was 
found.
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