
Is the output growth rate in NIPA a welfare measure?

Jorge Durán Omar Licandro

European Commission University of Nottingham

ESCoE Conference on Economic Measurement
September 2020

1 / 29



This Paper

We provide a rational for output growth measurement in NIPA by

applying index number theory to dynamic general equilibrium theory

The economic theory of index numbers

is at the core of GDP and CPI measurement

Modern macroeconomics is founded on

dynamic general equilibrium theory
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Main Result

In dynamic general equilibrium models

intertemporal preferences depend on the flow of consumption

But, NIPA aggregate final demand (consumption and investment)

By the mean of the Bellman equation, preferences can be
represented as a function of current consumption and investment

Index number theory is applied to this representation of preferences
In particular, we use a Fisher-Shell (FS) index

In this framework the FS index is equal to the Divisia index

⇒ Output growth in NIPA is welfare based
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Motivating Example: Two-Sector AK Model
Rebelo (1991), Felbermayr-Licandro (2005)

The social planner problem is

v(k0) = max
∫ ∞

0

c1−σ
t

1− σ
e−ρt dt

s.t.

consumption technology: ct = bα
t

investment technology: k̇t = A(kt − bt)− δkt

k0 > 0 and ρ > 0, σ > 0, α ∈ (0, 1), δ > 0, A > ρ + δ
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Motivating Example: Two-Sector AK Model
Equilibrium

At equilibrium of the two-sector AK model

kt grows at the constant rate

γ =
A− ρ

1− α(1− σ)

Consumption grows at the rate

αγ < γ

The value function takes the form

v(kt) = B k
α(1−σ)
t
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Is it an Interesting Example?

It replicates the following facts:

Fact 1: The price of investment declines relative to the price of
consumption US prices

Fact 2: ⇒ Investment grows faster than consumption US shares

Aggregation is then an issue
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Related Changes in NIPA Methodology

Until de 90’s, NIPA used a fixed-base Laspeyres quantity index to
measure output growth

The permanent decline in the relative price of investment goods
induced the so-called substitution bias

NIPA then moved to a chained quantity indices to measure growth

A chained index of output growth is ' to a Divisia index

This paper suggests a rational for this change
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Measuring Welfare Changes in Practice

Aim: Build an index of output growth that reflects changes in welfare

Problems:

Preferences and foreseen consumption are not observable

Preferences are not univocally represented

Output growth has to be measured using current consumption,
current investment and current prices

Like NIPA does
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Individual Preferences

Household’s welfare at equilibrium is

v(kt) = max
∫ ∞

t

c1−σ
s

1− σ
e−ρ(s−t) ds

(maximised under the technological constraints)

Preferences depend on the flow of consumption

Welfare at equilibrium is v(kt), i.e. the value of capital
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Bellman Representation

The Bellman equation representation is

ρv(kt) = max
c,x

c1−σ

1− σ
+ v ′(kt) x︸ ︷︷ ︸

wt (c,x)

(maximised under the technological constraints)

x = k̇ is net investment

The return to assets =

consumption utility + value of net investment

wt(c , x) represents preferences in consumption and investment

From maximising the value of capital to maximise the return to capital
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Household Problem

Individual welfare results from solving at any t

max
c,x

c1−σ

1− σ
+ v ′(kt) x︸ ︷︷ ︸

wt (c,x)

subject to
c + ptx = mt

Households take income mt and prices pt as given

(the consumption good is the numeraire)

Notice that wt(c , x) is time dependent

due to changes in the shadow value of capital
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Household and Social Problems

Figure: Evaluation using time t preferences
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Indirect Utility and Expenditure Functions

Indirect utility function

ut(mt , pt) = max
c+ptx≤mt

wt(c , x)

Expenditure function

et(ut , pt) = min
wt (c,x)≥ut

c + ptx

Money metric utility

For any (c , x), et measures the income required at prices pt to attaint
wt(c , x)

Since et is increasing in wt , for a given pt , et(wt(c , x), pt) represents
the same preferences as wt(c , x)

et(wt(c , x), pt) is a money metric representation of the underlying
preferences at constant prices
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Fisher-Shell Quantity Index

In order to compare ut(mt , pt) with ut+h(mt+h, pt+h)

let us define a hypothetical tomorrow’s income

m̂t+h = et [ut(mt+h, pt+h), pt ]

It uses today’s preferences ut to evaluate

the utility of tomorrow’s income mt+h at tomorrow’s prices pt+h

Using today’s preferences et

m̂t+h measures the level of income needed tomorrow

to attain this utility level at today’s prices pt

m̂t+h is a money metric utility representation
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Fisher-Shell Quantity Index

Figure: Evaluation using time t preferences
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Fisher-Shell index

The Fisher-Shell quantity index is defined as

FSt =
1

mt

dm̂t+h

dh

∣∣∣∣
h=0

FSt is an equivalent variation measure

The FS quantity index is the growth rate of the factor m̂t+h
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NIPA Growth Rate is a Welfare Measure

Main Proposition

The Fisher-Shell quantity index is equal to a Divisia index

FSt =
(
1− st

) ċt
ct

+ st
ẋt
xt︸ ︷︷ ︸

Divisia index

st =
ptxt
mt

⇒ NIPA delivers a welfare based measure of output growth

At the BGP of the two-sector AK economy

FSt = g = (1− s)αγ + sγ ∈ (αγ,γ)

where γ and s depend on preferences and technology parameters
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ẋt
xt︸ ︷︷ ︸

Divisia index

st =
ptxt
mt

⇒ NIPA delivers a welfare based measure of output growth

At the BGP of the two-sector AK economy

FSt = g = (1− s)αγ + sγ ∈ (αγ,γ)

where γ and s depend on preferences and technology parameters

17 / 29



NIPA Growth Rate is a Welfare Measure

Main Proposition

The Fisher-Shell quantity index is equal to a Divisia index

FSt =
(
1− st

) ċt
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Interpretation

v(k) measures the value of the representative agent’s assets:

The discounted flow of consumption utility

v(k) emerges from one among many possible utility representations

The growth rate of v(k) is meaningless

Money metric utility

A FS-index is an equivalent variation measure adopting income as norm

The Bellman equation

The FS-index measures gains in the return to assets (output)

Under additive preferences, ρ is given, the FS index measures welfare gains
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On Money Metric Utility

There exists a representation of preferences growing at rate g

At equilibrium of the two-sector AK model

v(kt) = B k
α(1−σ)
t

which grows at the rate γ α(1− σ) different from the Divisia index g

There exists an alternative representation

v̂(kt) = maxC

(∫ ∞

t

c1−σ
s

1− σ
e−ρ(s−t) dt

) g
γα(1−σ)

= C v(kt)
g

γα(1−σ)

that grows at the rate g , where g is the Divisia index

C is such that
ρv̂(k0) = c0 + p0x0

The return to assets at the reference time is equal to nominal income
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C is such that
ρv̂(k0) = c0 + p0x0

The return to assets at the reference time is equal to nominal income
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Investment also Matters

If current and future consumption is all that matters for welfare

Should the consumption growth rate summarize all what is relevant?

The answer is NO

Net investment also matters (Weitzman, 1976)

since it reflects welfare gains from postponed consumption

(notice that x is net investment)

But net and gross output grow at the same rate

Conveniently weighting the growth of consumption and investment,

NIPA provides a welfare-based measure of output growth
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Consumption Equivalence

Consumption equivalence is a compensating variation measure

(in terms of the entire consumption path instead of current income)

λh is a hypothetical increase in the consumption path that makes an
individual indifferent between staying at t or jumping to t + h

λ1−σ
h v(kt) = v(kt+h) or λh =

(
v(kt+h)

v(kt)

) 1
1−σ

=

(
k

α(1−σ)
t+h

k
α(1−σ)
t

) 1
1−σ

The growth rate associated to the compensating variation measure is

g ce =
dλh

dh

∣∣∣∣
h=0

= αγ.

The growth rate of consumption is a (consumption equivalent)

welfare based measure too
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General Framework
Recursive Preferences/General PPF

The equality between the FS and Divisia index holds for a DGE

model with general recursive preferences and technology

Preferences are represented by the recursive welfare function U

d

dt
U(tC ) = −f (ct ,U(tC ))

tC = (ct+s)∞
s=0 is a consumption path, f1 > 0 and f2 < 0

Quasi-concave technology: {ct , xt} ∈ Γ(Θt , kt)(
{cs , xs}

)
s≥t maximizes U(tC ) subject to the feasibility constraint

Bellman equation representation

0 = max
(c,x)∈Γ(Θt ,kt )

f
(
c, v(kt , Θt)

)
+ v1(kt , Θt)x︸ ︷︷ ︸

wt (c,x)

+v2(kt , Θt)Θ̇t

The two-sector AK model is a particular case
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General Framework
On household heterogeneity

The result also holds for heterogeneous households (in preferences,
assets, income)

The Fisher-Shell index is, indeed, equal to the Divisia index

(even if different from the representative household growth rate)

Key assumptions

Money metric utility

The Bellman representation of preferences is quasi-linear on investment
(Gorman aggregation conditions hold)

The Fisher-Shell index implicitly assumes that

The social welfare function is utilitarian
with households weighted proportionally to their income
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Paradox: Endowment Economy

A true quantity index measures output growth conditional on both
preferences and technology

Assume a two-sector AK economy such that at equilibrium

The growth rate of investment is 6%; the investment share is 20%
The growth rate of consumption is 2%
The Divisia index delivers a 2.8% growth rate

Consider an endowment economy with exactly the same preferences

The same equilibrium consumption path (mana from haven)
The Divisia index measures output growing at 2%

Why two economies with identical preferences and the same
consumption path do not grow at the same rate?

Current income (the norm) is defined differently

In the AK model, investments are needed for permanently grow
In the endowment economy, God provides
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A Word of Caution

It is well-known in endogenous growth theory that

there is an optimal growth rate

Suppose the two-sector AK economy is at (the optimal) equilibrium

but, a government introduces an incentive to increase growth

At time zero, the economy will suffer a reduction in welfare

From them, welfare will be growing at a larger rate (Divisia index)

(at some point in time consumption will be larger in the distorted economy)

Unfortunately, NIPA does not measure capital loses
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Simplifying Assumptions and Extensions

There is only one nondurable consumption good

Easy to extend to a basket of nondurable consumption goods and services

There is only one investment good

Easy to extend to many investment and durable consumption goods

Less easy to different forms of human and intangible capital investment

Prices reflect marginal productivities

Easy to extend to frameworks where prices are distorted

Dealing with externalities is still an open issue
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Conclusion

The growth rate in NIPA is a welfare measure

For a large family of preference orders and technological environments

For heterogeneous household economies

It’s not only consumption that matters for output growth:

Investment does also matter
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Investment to GDP Share and Ratio
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